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Hopuko — Haunnatowuit penoptép. [locne o6yuenns eé HampaBuIM B OHO U3 OTJe-
nenuit raseTsl «Acaraka Taiimc». Hopuko xaxjiet ocBemmaTh B CBOMX PENOpTaXax caMble
BOJIHYIOLMe NPO6/IeMbl MUPOBOJ TOIMTUKMA M SKOHOMMKM, HO XBaTUT /M € A/A TOro
onbITa U 3HaHMit? E€ HenocpencTBeHHbIN HayanbHMK, C3KM-CaH, peln/ HayduThb e€ aHa-
IM3UPOBATh POUCXOAALLME B IONMUTUKE M IKOHOMUKE COOBITUA MCTIONDB3YA MAaTeMATHUKY.

YUnras a1y KHuUry, Bbl BMecTe ¢ Hopuko 6ynete ocanBath 0cHOBbI AuddepeHLab-
HOTO M MHTETPaIbHOTO MCUNC/IEHUA U TIONIMETe, YTO ITU 3HAHUA NPUTONATCA HE TONbKO
ANA NPOBEieHNs CNIOXHBIX HayYHbIX pacuéroB. [IpuBoas npumepsl U3 peanbHOM XU3HM,
TaKye KaK BepOSTHOCTb COOBITHII, KPUBbIE CITPOCA U MPEMIONKEHNA B IKOHOMMUKE, 3arps3-
HeHMe OKpY>KaloLlell cpefibl U JaXke INOTHOCTb pacnpejieieHUs CIUpTa B CTaKaHe, aBTOP
TMOKa3bIBAET, YTO NMPOU3BOAHbBIE ¥ MHTErPa/bl IIOMOTAIOT IMy6Ke pa3obpaTbCs B CaMbIX
pa3HbIX po6neMax, BOSHUKAIOLMX B HaLIel KU3HMU.

B xoze 06y4eHus Bbl y3HaeTe:

+ 4TO TaKO€ MTPOM3BOJHASA M KaK C €€ MOMOILbIO0 ONpefieNIATb CKOPOCTb U3MEHEHMA
byHKunm;

* KaK CBA3aHbI MeXAY c000i1 TPOM3BOHAS ¥ MHTETPATT;

¢ KaK MHTErpupoBaTh 1 AuddepeHIMpoBaTh CIOXKHbIE PYHKLMH;

* YTO TaKO€ YaCTHbIE IPOM3BOJHDIE, U KAK C MX MOMOILbI0 HAXOAUTb MHTETPa/Ibl U
NpOoU3BOJHbIE GYHKLMIA HECKONBKMX NEPEMEHHBIX;

* KaK C NIOMOIbI0 pas3noxenus B paj Teiopa MOXXHO 3aMeHNTDb TPYAHYIO [/IS aHa-
132 PYHKLMIO CTETIEHHBIM MHOTOY/IEHOM.

Kuura 6yzer nonesHa y4ammmcs cTapIumx K/1accoB WIKOJI, CTYIEHTaM BY30B, a TaKxKe
BCEM, KTO MHTEPECYeTCs MaTeMaTUKOM U XO4eT, 4TOObI 06ydyeHMe ObIIO IETKMM 1 yBIIeKa-
TE/IbHBIM.

YIOK 517
bbK 22.161.6

Bce npapa samuuiensl. Hukakas yacTb 9TOro M3flaHUs He MOXeT ObITb BOCIIPOM3BeeHa B MO0
dopMe wim MOOLIMK CPeACTBAMM, IMEKTPOHHBIMM MM MEXaHMYECKMMM, BKIIoYas dpoTorpaduposanye,
KCEepOKONMPOBaHMe UM MHbIe CPENCTBA KOMUPOBAHUSA WM COXpaHeHusa MHPOpMaLMK, 6e3 MMCbMEHHOTO
paspelleHys U3ATeNbCTBA.

Kuura «3anumarenbhas mMatematuka. [lponsBogHble u uHterpanbl» Xupotoku Kogsumer u Cuna To-
ramu MOJrOTOB/IeHa U M3faHa no forosopy ¢ Ohmsha Ltd.

ISBN 978-4-274-06632-0 (sim.) Copyright © 2005 by Hiroyuki Kojima and Becom Co.
ISBN 978-5-94120-228-7 (Jon3ka) © IlepeBon, Manatenbckuit aoM «Jopska-XXI», 2011
ISBN 978-5-97060-286-7 (IMK Ilpecc)  © M3nanue, IMK Ilpecc, 2015



NMPEAUCAOBUE

EcTb HekoTOpbI€ Belly, NOABIACTHbIE TONBKO MaHTe™.

Ecru BbI OTKPBINY 3Ty KHUTY, TO BbI IIPUHAMIEKUTE K OFHOMY U3 CTENYIOLMX TUIIOB JIOfieN:

[lepBble — Te, KTO IPOCTO MOOGUT MAHTY 1 AyMaeT: «MareMaTuuecKue BbIKIaKM, OMMCAHHBIE C TOMO-
mbio MaHru? Tlorpscaroute!» Ecu Bbl IpuHaf/IexuTe UX YUCTY, TO HEMEJJIEHHO OTHeCETe 3Ty KHUTY Ha
KacCy — ¥ He MoxXkazeeTe. Y 5TOJ MaHIY O4eHb NIPUBIIEKaTeNbHble PUCYHKNM. M HeyIMBUTENbHO: MX HApU-
COBaJI MONMYNAPHbIA XyfoXHMK MaHru Cun Toramu, a cueHapuit Hamucana bakom JITA. — koMnaHus,
NPOM3BOJIALLIAS HACTOALLYIO MAHTY.

Bl MoxkeTe BO3pa3uTh: «MaHra, obyyarolas MareMaTuKe, He MOXKeT ObITb MHTepecHOil». Ha nepBbiit
B3I7IAf, 310 Tak. Koraa B usgarenpctse «OMua» (Ohmsha) Mens nompocuau Hamnmcarb 3Ty KHUTY, A 1104-
TH OTKa3azncsi. MHOTMe u3 TaK Ha3blBaeMbIX «0OYYaIOLMX MAHI» Pa3oyapoBBIBAIOT. B HuX MOxeT ObITb
OTpPOMHO€ KOTM4eCTBO PUCYHKOB, HO OHM He SIBIIAIOTCA HacTosiuieif Manroi. Ho nmocne Toro, Kak st yBu-
nen MaHry «OMuibl» (3T0 6blIa MaHTa O CTaTUCTHKE), A NepeayMan. Eé netcTBUTeNbHO 6bUIO IPUATHO
YMTaTh. V3partens ckasanm, YTo MOS KHMra OYeT Takoif Xe, TO3TOMY S TIPUHAT ero npeanoxenue. g u
paHblIIe YacTO AyMas, YTO MOT OBl JTy4Ille NIperolaBaTh MaTeMaTHKY, UCTIONb3Ys MAHTY, TaK UTO 3TO Obina
XOpollasi BO3MOXXHOCTb NIPOBEPUTH MOIO MJel0. Sl rapaHTupyio, 4To YeM 60nblunM GaHaTOM MaHTU BbI
sBJIA€TECh, TeM 00JIbllle BaM NOHPABUTCA 3Ta KHUTa. Tak yero ke Bbl x/éTe? Ceifuac xe yecuTe e€ Ha Kac-
Cy u nokymaifre!

BTOpOﬁ TUIT J'IK))ICI?[ — JTO T€, KTO B3A/I 3Ty KHUTY C MbIC/IAMMU: «XOTb MaTeMaTHKa U BHYIIAET MHE y>Kac
u/vnm Y MEHA Ha Heé a/l/IEpTUA, MaHra MOXET ITOMOYb MHE €€ MOoHATh.» Eciu BbI U3 UX YUCIa, TO 3Ta KHU-
ra s Bac. OHa He npocTo 06bsaCHseT AuddepeHLManbHOe M UHTErPaNbHOE UCYNUCTIEHNE C TTOMOLLIBIO
MaHI'M, HO U CaM cnoco6 06bACHEHNA OCHOBATENbHO OTIMYAETCA OT MUCIOMB3YEMOTO B TpaAMLIMOHHBIX
yue6HMKaxX. Bo-mepBbIX, KHUIa aéT NpeACTaBleHMe O TOM, YTO MMEHHO AenaeT AuddepeHLMaNbHOE U
MHTerpajbHOe UCYUCTIEHHE U [/ Hero OHO HyXHO. [Toka Bbl 3TOTO He MOAMETe, Bbl HE CMOXeTe ero npa-
BUJIbHO MCIIO/Ib30BaTh. BBl MTPOCTO OKaXKeTech B XKANIKOM TONOXEHUN 3a3yOpuBaHus GOpPMYIN M MpaBUIL
ra KHUTa 00BACHAET BCe POPMY/IBI, OCHOBaHHbIE Ha Mfee MPUOTIKEHUA TIePBOrO MOPANKA, TOMOTas
BaM BU3yanu3upoBaTb 3HAYECHNE (bOpMyH M C IETKOCTDIO MX MOHATD. Bnaronapﬂ 3TOMY YHMKA/IPHOMY Me€-
TOAlY 00yueHMst BbI MOXKeTe OBICTPO 1 JIETKO HepeitTh oT AnuddepeHnpoBanus K MHTErpupoBannio. bo-
Jlee TOTO, s TO3aMMCTBOBA/I OPUTUHATIBHBIA MeTON 00bsAcHeHus AndepeHMPOBaHNS N MHTEIPUPOBA-
HUS TPUTOHOMETPUYECKMX U NOKa3aTebHbIX PYHKLMIA, KOTOPbIN He ONMUCHIBAETCS B OOBIYHBIX yueOHM-
KaxX, — OOBIYHO 3TO OCTAETCS KAKOM-TO TapabapIyMHOIM /I MHOTHX JIIOjIeit AaXKe MOC/le MHOTOKPATHbIX
obbAcHeHMA. ITa KHUTA TakKe MAET fanblle, oObACHAS faxe pasnoxeHue B psaa Teitnopa u onpenene-
HMe YacTHOI npousBofHoi. HakoHell, s npuBiéK Tpéx NOCTOSHHBIX NOTpebuTeNelt ncuncneHus: Gpusu-
KY, CTATUCTUKY U 9KOHOMMKY, YTOObI OHM COCTABU/IM YACTb 3TOV KHUIM, IPEJOCTABUB MHOXECTBO IIpH-
MepOB NPaKTUYECKOrO NMpUMeHeHeus Mu¢pdepeHIMaTbHOIO U MHTETpaIbHOrO McuucIeHus. brarogaps
BCEM 3TUM YNIOBKAaM Bbl CMOXeTe BOCIIPMHMMATbh MCUUC/IEHME He KaK TPYAHYIO HayKy, a KaK IO/Ne3HbI
MHCTPYMEHT.

S1 onATb Ke MOgYepKHY: BCE 3TO CTANO BO3MOXHbIM Orarogapst Maxre. [lodeMy npu YTeHMy MaHIy Bbl
MOXeTe MONYYUTb 6onblie MHPOPMALIMK, YeM IIpY YTeHur pomana? [T0TOMY 4TO MaHra — 3TO BU3ya/lb-
Hble JaHHble, TPe/ICTaBIeHHbIe B BUe KOMUKCOB. Vcuic/IeHMe — 3TO BeTBb MAaTeMaTHKU, ONMCIBAIOLIAs
IuHaMuyeckue AbneHuA. TakuM obpasoM, usydenue nudpdepeHMaTbHOTO M UHTETPABHOTO UCUMUCIIE-
HUA C TIOMOILIbI0 MAHTY AB/AETCA OTIMYHON upeeit. Terepb nepeBepHUTe CTPAHULY U HACTaAUTeCh Kpa-
CMBOIf MaHTO¥ 10 AU depeHIINPOBAHMIO M MHTETPUPOBAHMIO.

Xupotoxu Kodsuma
Hos6pv 2005

* MaHra — ANOHCKME KOMMKCBI.
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®  Ta6muua 1. XapaktepucTuku GyHKumi

Pacuc | I'paduix

IIpnuun- | YacroTa cTpeKOTaHUsA CBepYKa ONpefienseTcs Ha rpaduxe Takue
HasA CBA3b | TeMmepaTypoit. MoXHO Npu6MM3nTeNbHO Boipasutb | PyHKIMM M306paka-
CBsA3b MEXKAY CTPEKOTAaHMAMM CBEPYKA B MUHYTY (y) I0TCA PAMON IMHU-
¥ TeMniepatypoit B rpagycax Llenbcus (x) popmynoit | eit. [loaTomy onm u
y=g(x)=7x - 30 HAILIBAIOTCA MHHet-
T l Hot pyHKIIMe.
x=30°C 7x30—30—1
. Yz
Uroro, 180 cTpekoTaHuit B MUHYTY.
Mamene- | CKopocTb 3ByKa y B MeTpax B ceKyHny (M/c) B
HUsA Bo3ayxe npu x(°C) BbipakaeTcs B Bufie
y =f(x) = 0,6x + 331.
ITpu 15°C
y =f(15) = 0,6 x 15 + 331 = 340 m/c.
[Ipu -5°C- /
y =f(-5) = 0,6 x (-5) + 331 = 328 m/c. 5 >
X
Tlepexop | Ilepeson x rpapycos no ®apenreiity (°F) B y rpa-
K gpyroit | mycol Llenbcus (°C):
cHcTeMe 5
y=flx)= —;(x -32).
To ecTb Tenepn Mbl 3HaeM, 4To 50°F cooTBeTCTBYIOT
5
ry (50 - 32) = 10°C.
KommbloTepbl BHIMONMHAIOT ONEPALIMM C YUCTIAMH, Tax Ha rpaduke Bbi-
MCIoNb3ys 6MHapHYyIo cucteMy cuncnerus (1 u 0). T/LAIUT TIOKa3aTeNb-
BunapHoe uucrno, cocrosimee 13 x 6uToB (Mau 6u- Has yHKuMA.
HapHbIX Pa3pA/I0B), MOXET IIPUHNMATD Y pasiiny- 71
HBIX 3HAYEHUI: 1024
y = b(x) =2%
(PynkuMI0 BUAA ¥ = a” Ha3bIBAIOT MOKA3aTe/TbHOI.
IToxa3sarenbHas GyHKUMA paccMOTpeHa Ha cTp. 131.) 1
0 4

NPOAOT. YTO TAKOE PYHKUMS




CYWECTBYIOT PYHKUUU, MPAPUKU KOTOPDIX HE MOTYT &blTb
U30BPAXEHDI MAAAKUMU KPUBLIMU.

Kypc akumit P xomnauuu A B Mecstie x B 2009 1.

Hena \ y= P(x)
300 +
200 1 |
\ y=Px)
100 +
i 2 3 4 5 6 . Mecsan

3aBucuMocTb P(x) Henb3s BBIPa3sUTh M3BECTHOM PYHKIMeN!, HO OHa BCE e SAB/IAETCS
¢yHK1Mel.

Ecnu HaitnéTe cnocob mpefckasarh Kype akiuii B uione, P(7), Bbl CMOXeTe HEIyoxo
3apa6orars.

MPUMEHEHLIE OAHOU PYHKULL K PE3YABTATAM APYIOU HA3bI-
BAETCY “KOMMO3LUULEU PYHKUULI", UAU *CAOXHOU PYHKULEL”,
UTO MO3BOAGET PACWUPGTD AUAMA3OH MPUHUHHDIX CBI3EL,

K
[T fo) [T atfo) 4O fomoominn

1. HaitTut ypaBHeH#ue, BbipaXkaloliee 3aBUCHMOCTD YMC/Ia CTPEKOTaHMIt
CBepYKa B MMHYTY (2) OT TeMneparyphl B rpagycax Papenreitra (x).

NPOAOT. YTO TAKOE PYHKUMUS







W_‘m\

Acakars)
Takmc
O¢uc
Canpa-Yo

Pl

HTO X, HA
CErOAHI
XBATUT.

HOPUKO, @ CAbIWAA, UTO
HEAAAEKO OTKPbLIACG
WUKAPHDIU UTAAbGHCKUL
PECTOPAH. HE XOHEWb
CXOAUTL?

8AY! OBOXAIO
UTAAbIHCK YO
KYXHIO, AABAUTE
CXOAUM/!

A UTO, Mbl YXXE
3AKOHUUAL PABOTY?
HE CAUWKOM AU
PAHO AAG OBEAA?

CA)

o 4

Y HAC MECTHOE

OTAEAEHUE U Mbl
PABOTAEM

no ce8OEMY

PACMUCAHUIO

TAABA 1. AUPPEPEHUUPYEM PYHKUMM!

\



Komy: penakropy
€Ma: HOBOCTH JHg

Mengens onsars BOpBaincs B xxunoi gom

— IIOCTpagaBunx HeT.

Ha TeppuTopuy npeekTyphr YBEMMIWIICA cripoc Ha apOysb1

U 8bl 8CE BPEMA
FOTOBUTE TAKUE
3AMETKU?

- MOAUTUKA,
A 4TO MAOXOrO MEXAYHAPOAHDIE
OTHOWEHUQ
8 MECTHDIX !
Al SKOHOMUKA... Q XO4Y OCEEWATb
; aPKUE,
AFOAGM 3TO CEHCAULIOHHbIE
HPABUTCA.. OsbITuUg! X
COBbITUG! HO 3AECb 3TO
HEOCYWECT-

BUMO.

1.1. ANNPOKCUMAUMS PYHKUMN




{

XE-XE! HE NOXOXE,
HTOsbl FAE-TO
nosAU3OCTU
HAMEUAAACD 8CTPEHA
FAAB NPABUITEADCTS.

B |

HULETO 3AXBATbI-
BAHOUWErO 3AECH
HE NPOUCXOAUT,
U BPEMG TEUET

MEAAEHHO.

A 3HAEWD, HOPLKO,

Tbl 8CE-TAKU
MOXEWD U3BAEUL
o e x gq‘;AK U 3HAAA, , noAb3sy ot
3AECH PABOTATD! CBOErO

NPEEbLIBAHUG

9 HE 3HAKO, KAKUE
FPOMKUE COsbITUG
Tbl COBUPAEWbLCA
OCBEUWATD,

| w—y

HO @ Mory
nOAroTO8UTb TEEBS
AAQ PABOTDI 8
FAABHOM OPUCE.

TAABA 1. AUPPEPEHUMPYEM PYHKLIUM!




KCTATU, KAK Tbl
AYMAEWD, QrIOHCKAS
SKOHOMUKA 8CE
EWE NEPEXUBAET
AEPAQUUIO?

q AYMAIO — AA,
2TO 4YYBCTBYETCA
8 NOBCEAHEBHOU
MU3HU,

iy [J

MPABUTEALCTBO
MOCTOSHHO 3AGBAGAO,
HTO 3KOHOMLIKA
BOCCTAHABAUBAETCY.

1

HO NMPOWAO MHOIO
BPEMEHU, MPEXAE
HEM NOIBUAUCD

TAKUE NPU3HAKU,

HTO-TO Y MEHG

. NAOXUE
HACTOSWUU NPEAUYBCTBUSI
XYPHAAUCT NEPBLIM no 3TOMY

AEAOM AOAXEH
CcnPOCUTb CEBS:
*HTO @ XOHY 3HATB?”

nogoAY..

1.1, ANMNPOKCUMALIMS PYHKUMA




UEM MPOUWE BYAET PYHKLUS, 8 HAWEM
ANNPOKCUMUPYIOWAS CAYUAE Mbl
UHTEPECYIOWYHO HAC UCTMOAB3YEM Mb'nﬁﬁ”o"Tyjm o,
3ABLUCUMOCTD, AUHEUHYO PACTYT UEHDI
TEM GCHEE BYAET OTEET. PYHKULIKO

HA CAMOM AEAE.

MATEMATUKA!

Yy, y=ax+b
(ueHvi) . s
[ ] [ ]
cmoTeu, — . ¢
y=ax+b 10 ECTb, ECAU
| | | | | a OTPULIATEABHO
AUHEUHAS (MEHDWE (), UEHDI
ANMPOKCUMALLIG 2004 2005 2006 X NPOAOAXAIOT
KOAEBAHULI UEH (209) NAAATD.
AALET CAEAYIOUEE..
y A
\\
) /
1) a>o0 ' [ a<o '
Hauanacb ungpAsyus TMpodoaxaemcs depAsyus

FAABA 1. AUPPEPEHUUPYEM PYHKLIMH!




BEPHO,
Tbl sblcTPO
CXBATbLIBAEWD.

AAAHO, nPOAOAxuM\
EECEAY
8 UTAALGHCKOM

PECTOPAHE, /z
L

[ ~—— "]

/

PYTOWU, Mbl
EAEM OBEAATbL
8 UTAAbQHCKUU

PECTOPAH.
HE EWb MHOIO
CAAAKOIO!

11

KCTATU, O CAAAKOM.
Tbl CAbIWAAA O ANOHHU
MAXECTUKE, POK3BE3AE,

KHUFA KOTOPOIrO
O AUETE CTAAA
EECCEAAEPOM?

AMMPOKCUMALUS PYHKUMNA




HO NOCAE HEYAAHHDIX
FACTPOAEL OH BAPYI
CHOBA HAHAA
HABUPATDL BEC.

XOT4 ErO AreHT
NPEAYMPEXAAA
08 ITOM, ..

. OH HE CAYWAA EFO.

OTCTAHD,
49 NPUBABAGIO .. AEUCTBUTEABHO
8 BECE 8CE AU BEC AXOHHU
MEAAEHHEE. YBEAUHUBAETCG 8CE

MEAAEHHEE, KAK OH
rogoeur.

u TENEPb AMEHTA
UHTEPECYET ..

/ KAK XE
3TO ONPEAEAUTL?
BO3bMEM AAG
ANNPOKCUMAULIL PYHKUUIO
y=ax* +bx+c

Bec, kr

1

y=ax’+bx+c

Bec, xr

70 =

i
12 pguu 8 9 10 11 12 pguu

FAABA 1. AUPPEPEHUMPYEM PYHKLIUM!



CxopocTh H3IMEHEHHR Beca

CKopocTh UIMEHEHNHS

ECAU g 8OAbWE HYAQ,

Beca TO 8EC YBEAUHUBAETCA

4; yBenuiyusaetca A yMeHbaetcs ac E SblCTPEE,

- A ECAU MEHDWE HYAQ,

. TO 8CE MEAAEHHEE.
MOAOAELY

> >
ao a<o
HET,
AYMAIO, TEBE 9 AAXE AYMATD

CMOTPU, KAKAG
u3guAuCTAG
AOPOrA.

HACKOADKO CUAbHO
OHA U3O0rHYTA.

Mbl MOXEM AYHWe
ANMPOKCUMLPOBATD HﬁMfgg%TrEy

KAXAbIU U3rus
UACTbIO OKPYXHOCTU.

1.1, ANMPOKCUMAUMS PYHKUMNA




HE BOAHYUCS,

(x - a)*+ (y - b)*= R, otkyna
y =y R*=(x — a)*+b.

UEM MEHDWE
PAALYC R, TEM
B8CE NOA KOHTPOAEM! BOAbWE KPUBU3HA
B8OCMOAB3YEMCI POPMYAOU AOPOru.
OKPYXHOCTU C PAALYCOM R U
UEHTPOM 8 TOUKE (a, b).

Y/ |

CMOTPU, BYAEM CHUTATD,
HTO U3OMHYTbIE YHACTKU
AOPOrU agAgtOTCY

HACTAMU OKPY XHOCTEU
PA3HbIX PAALIYCOR R

Tbl cuAbHO
ucnyranacb?!

FAABA 1. AUPPEPEHUUPYEM PYHKLIUH!

K-K-KAXETCE —
AA ..




A BOH TAM
UTAAbGHCKUL
PECTOPAH,

8 KOTOPOM MbI
PACCHUTDIBAAU
NOOEBEAATD.

AO HEFO EWE
OUYEHb AAAEKO,
YTOEBbI UATU
NEWKOM.

\\\ \\ O:;(‘l?s?!

OBO3HAHUM MECTO
HAWEU AgAPUU
TOukou P.

A AOPOrY

g U30BPA3LUM
L] ™~ ; UTanbaHCKWA FPAPLUKOM PYHKULILI

pecropax f(x ) - x2_

iy P Mecto aBapuu

[
L

¥ X

1.1.  ANNPOKCUMALMS PYHKUMUN




Mranbaucknit
pecTopaH

y=g(x)

AAG ANNPOKCUMAULL HAWEL

kPugOU f(x) = x> 8 TOHKE X =2
NOAOUAET AUHEUHAGQ PYHKLLG
g(x) = 4x - 4. OHA TAKXKE
ONPEAEAGET HAKAOH KPUBOU
8 AAHHOU TOUKE.!

Uranpanckuit
pecTopaH

X_Haknou B Touke P

8 TOUKE P HAKAOH
COOTBETCTBYET U KM MO
BEPTUKAAU HA 1 KM MO
FOPU3OHTAAU, OBPATU
BHUMAHUE, HAKAOH KPUBOU 8
PA3HDIX TOHKAX PA3HbIL,

* Mpasuno sbibopa ¢pyHKUWKM onncaHo Ha cTp. 39.

PYTOWU?

Y HAC ABAPUSG,
Tbl HAM

HE NMOMOXEWbL?

rAE mMbl?
8 TOYKE P.

UHTEPECHO, KAKOU
PYHKULEN MOXHO
ANMPOKCUMUPOBATD
XOA MbICAEU 8 EMO
rOAOBE?

FAABA 1. AMPPEPEHUMPYEM PYHKLUM!




Y3 OTHO

: OTHOCUTEALHAS
W : WIN

NOrPEWHOCTb
. 1 A B8bIHUCAGETCS KAK
%I‘P

OTHOWEHUE PA3HOCTU
NOKA Mbl XAEM

. \ MEXAY 3HAHEHUGMU
ANE N
PyTOWL, ag M foue)
W) . 8 PACCMATPUBAEMOL]
9 PACCKAXY TESE v TOUKE K MPUPAUIEHLIO X
os otHocuteabroll | WM e 1 o COMACLCH, 3T0..
NOrPEWHOCTU. «[ OTHOCUTEABHOU T
3TO BAXHO. W\ NOrPEWHOCTUP
e - V‘;l
. Y
A rm =, y s
L]
0
g;xaoanax Annpoxcu-
A . y/ bymapa
" Ornocutenvuan _ PasHocts Méxny f(x) u g(x)
TIOTPEIIHOCTD - Mpupamenne x - .. AOBOALHO
_ nPOCTO!?
MEHS MAAO BOAHYET
OTHOCUTEAbHAS
NOrPEWHOCTD,
g XOuy MPOCTO
NOOEBEAATD. HAMPUMERP,
nocmoTeu

CHOAA.

1.2. OTHOCUTEABHAS NOrPEWHOCTD




nycTb 8 TOUKE, FAE Mbl
HAXOAUMCS, X PABHO 2 KM,
A PACCTOGHUE AO KAPE
“CAHAA” NO OCU x
PABHO O,1 KM,

\__/

flx) = £

gx)=4x-4

Canpa |

B5% /
1 1]

e L L L TR L LT T T Y

P Jeemcccnccmccanceed

N

neusaeAgq 0,1
X = 2 NOAYHUM

—

N

S
"

21 4.4
4x20-4-44

O
—
s
=

n

AAAEE BbIMUCAUM PA3HOCTb
fi2,1) - g(2,1) u HAUAEM

OTHOCUTEABHYO NOMPEWHOCTb

0,01/0,1 = 0,1 = 10%.

TEMEPb AONYCTUM,
HTO 9 CMECTUACS
OTHOCUTEABHO TOHKU P

>/

drecconenanracme menace s

7200

>
—

FAABA 1. AUPPEPEHUMPYEM PYHKUMUM!




neusasAgg 0,01 K x =2,
MOAYHAEM x = 2,01.

TTorpewHocTh

foo- 400- 4040 - 404 - 0000

OtHoCHTenbHas
TIOrPelWHocThL
L.
001 - 0.0l
M i %

TEABHAQ NOrPEWHOCTb

APYFUMU CAOBAMU,
AAS HAWEMO CAYHAQ
HEM BAUXE TEKYWAQ
TOHKA K TOHUKE ABAPUL,
TEM AYHWE PYHKUUG
g(x) ANNPOKCUMUPYET
PYHKUUIO f(x).

TO ECTb OTHOCU-

OKA3AAACD MEHDUWE,
HEM AAG MECTA,
FAE PACNOAOXEHO
KAPE “CAHAA".

Korza npupauiennue - 0, To ¥ OTHOCUTE/IbHAA OTPEIIHOCTDb TOXe —> 0.

Hpupamenue

OrHOCcHTEeNbHAS

B TOYKC X = 2 fix) &(x) Horpenocty NOTPEIHOCTD
1 9 8 1 100%
0,1 4,41 4,4 0,01 10%
0,01 4,0401 4,04 0,0001 1%
0,901 4,004001 4,004 0,000001 O,.l%

0 0

1.2. OTHOCUTEAbHAS NOrPEWHOCTD




HO 8EAb 3TOrO
MOXHO ©&blAO
OXUAATD,
HE TAK AU?

EPABO/

Tbl HAHUHAEWD
NOHUMATD,
HTO TAKOE

nPOU3BOAHAS.

3HAHUT, MEHbWYHO
OTHOCUTEAbHYO

@ OWwuUsKY UMEET..

. KAPE
“CAHAA",

AA, BYAEM, NPLULEM

Mbl 8YAEM CETOAHA TAK KAK OHO BAUXE
OBEAATDL? BCErO K TOHKE P.

® MPU AMMPOKCUMALUILIU AUHEUHOU 9PYHKUUEU OTHOCUTEABHAG
NOrPEWHOCTb AAG UCXOAHOU PYHKUUL BAU3KA K HYAHO AUWb
8 HEBOAbWOU OKPECTHOCTU PACCMATPUBAEMOU TOHKU.

® MOKA CMEWEHUE OTHOCUTEABHO 3TOU TOHKU HEBEALIKO,
MPUBAUNXEHHAG AUHEUHAQ SPYHKUUG NO3BOAGET NOAYHUTD
3HAUEHUG, AOBOABHO BAU3KUE K 3HAHEHUGM LCXOAHOU
PYHKUUU,

Bonee nodpobro cm. na cmp. 39.

FAABA 1. AUPPEPEHUMPYEM PYHKUMK!



MO4EMY PYTOWU
TAK MHOTO ECT?
Mbl XE ErO
no3gAAU, TOAbKO
HTOsbl NOMOUb
HAM.

HOPUKO, € NOMOUWbIO
ANMPOKCLUMUPY FOWEU
PYHKUUU Mbl TAKXKE
MOXEM OUEHUTb
DPPEKTUBHOCTD
PEKAAMbI HA
TEAEBUAEHUL,

MHE HPABUTCI “CAHAA",
HO @ XOTEAA
nonPOs0BATb

UTAADGHCK YO KYXHIO.

1.2. OTHOCUTEAbHAS NOrPEWHOCTD




Tbl, HABEPHOE,

E) NMPUMEHEHUE MPOM3BOAHbIX

AABAL PACCMOTPUM,
UTO 8YAET 8bIFTOAHEE
AAG ITOU KOMMAHULE:
YBEAUHUTD UAU
YMEHDWUTD
PEKAAMHOE BPEMG

TOrAA CAYWALU
BHUMATEABLHO.

OAHOMY HEAOBEKY
YAAAOCH PEWUTL 3TY
3AAAUY, CEUHAC OH
U3BECTHbDIL...

CABIWAAA HA TEAEBUAEHUL.
O KOMMAHUU
*CYNEPKOAA”,
HY, XOPOWO.
AABAUTE KOrAA 9 PABOTAA 8 9 TOXE CAEAAIO 3TO.
PACCMOTPUM, FAABHOM OPLCE, TOALKO Q BYAY CTAPATLCS.

PACCKAXUTE MHE 3TY
UcTOPUO,

nycTb “CYNEPKOAA"
PEKAAMUPYET CBOHO

MPOAYKUUKO HA T8 x HACOS

8 MECAU. U3BECTHO,
HTO POCT MPOAAX,

OBYCAOBAEHHDIU PEKAAMOLU,
PACCUUTDIBAETCS MO POPMYAE
flx) =20%

(8 COTHAX MUAALOHOS UEH)

FAABA 1. AVWPPEPEHUMPYEM PYHKLUM!




CEUHAC PEKAAMHOE
BPEMG KOMMNAHUL
*CYNEPKOAA* ___
COCTABAGET 4 HACA / ‘ : R R
8 MECIU, SN ROOOBIF A

......

U, CAEAOBATEABHO,
POCT NMPOAAX
OT PEKAAMbI COCTABAQET
£(4) =20V4 = 40,
TO ECTb 4 MUAAUAPAA LIEH.

.................

JAE.. AECATD
MUAALIOHOS

S , UEH?!
j// ) R N

fix) = 20Vx (cOTeH MJTH. MeH)
1 MuHyTa peknaMbl — 10 M/IH. ueH

CTOUMOCTb
1 PEKAAMHOU
MUHYTbl HA T8
PABHA
10 MUAALUOHAM UEH.

AONYCTUM, HOBOE
PYKOBOACTBO
KOMMNAHUU PEWUAO
NEPECMOTPETDL
PEKAAMHOE BPEMS.
KAK Tbl AYMAEWD,
OHU EFO YBEAUHAT
UAU YMEHDWAT?

1.3. NPUMEHEHUE NMPON3BOAHbIX




lllar1 TAK KAK AUHELHAS
PYHKULG HE MOXET
ANNPOKCUMUPOBATb
[cotHK 8CHO LUCXOAHYO
'l) =2 1 MNH HeH) PYHKULIO,

PACCMOTPUM TOAbKO

YNPOCTUM 3AAAY,
3AMEHUS CAOXHY'IO
PyHKUUO f(x) = 20Nx
NPOCTOU AUHELIHOU
PYHKULEL, UTO
NO380AUT HAM CAEAATD

NPUBAU3UTEABHDIE
OUEHKLU.

OKPECTHOCTb TOHKU
x=4

anmpo-
KCUMaLWs

: ﬂlll‘;! J A

NPOBEAEM
KACATEABHYHO K
kPugol f(x) = 20Vx
8 TOuKE (4, 40).

B e
\ 4
™=

BoiBeneM dpopmyny KacaTenbHOM K KpuBOIL. [l/1s 3TOro CHa4asa BBIYMCINM HaKJIOH (ToY-
Hee, TAHTEHC yr/ia Hak/oHa) dyHumm f(x) = 20Vx B TouKe 4:

fay-far-f0) 20Vare-20x2 (Vate-2)x(Va+e+2)

- € = € = ex(V4+e+2) =
4+¢e-4 20

e(Vd+e+2) Vd+e+2 " M

Korpa € > 0, 3HameHatenb BoipaxkeHus (1) Vi+e+2>4, acamo BblpaXkeH#ue (1) > 20/4 = 5.

Orcrona nony4aem annpokcumupyiomyio GyHkumio g(x) = 5(x — 4) + 40 = 5x + 20.

(Bonee nodpo6Hoe o6vacHenue npusedero 8 pasdene 1.4 na cmp. 39.)

=20

FAABA 1. AUPPEPEHUUPYEM PYHKUUM!




ECAU U3MEHEHUE X BEAUKO
(HAMIPUMEP, HAC), TO
UCNOAL30BATb g(x) BMECTO
f(x) HEAD3Q, TAK KAK
PABALHUE MEXAY HUMU
TOXE BEALKO.

8 PEAABHOCTU PEKAAMHOE
BPEMY U3MEHQETCS HE TAK
CUABHO.

AYMAL,
roAO8A,
AYMAL!

OTHOCUTEABDHAG
NOrPEWHOCTL NPU
YMEHDWEHUU UAU
YBEAUHEHUU X HA
6 MUHYT AOCTATOUHO
MAAA U NO3BOAIET
UCnOAb308ATb
AUHEUHYHO
ANMPOKCUMAUUIO.

AAS ANNPOKCUMAUUL f(x)
8 OKPECTHOCTU TOUKU x = 4
EYAEM LCNOAb30BATD
PYHKULLO
g(x) = 5x + 20.

KO2PPUUUEHT 5 NEPEA X
O3HAHAET, HTO 1 YAC PEKAAMDI
NPUHOCUT KOMNAHUU AOXOA
8 5 COTEH MUAAUOHOS UEH,

A UTO BYAET, ECAU YBEAUHUTD
PEKAAMY HA 6 MUHYT (0,1 HACA)?

Y MEHSG NOAYHUAOCD,
HTO AONOAHUTEALHbIE
6 MUHYT NPUHECYT
KOMMAHUU AOXOA
5x0,1=0,5coted
MUAALIOHOS UEH.

TOUHO.

HO CKOAbKO 8YAET
CTOUTb YBEAUHEHUE
PEKAAMHOIO BPEMEHU
HA 6 MUHYT?

OHO BYAET CTOUTbL
6 x0,1 =0,6 coTeEH
MUAALUOHOS LEH,
TO ECTb TAKOE
PEWEHUE YBbITOHUHO

1.3. NPUMEHEHHE NPOU3BOAHDBIX

A ECAU, HAOBOPOT,
YMEHbWUTb BPEMQ
PEKAAMDI HA 6 MUHYT,
TO KOMMNAHUG NOTEPIET
0,5 COTEH MUAALUOHOSB
HA MPOAAXAX, HO
CIKOHOMUT 0,6 COTEH
MUAAUOHOS HA
PEKAAMHOM BPEMEHLU.




3HAHUT NPABUAbHDIU OTBET —
PYKOBOACTBO KOMMAHUU

PEWUT YMEHDWUTDL

PEKAAMHOE BPEMS.

TOUHO!

3TO UTO XE NOAYHAETCI?
PYHKUUU MOXHO
UCNOAB308ATb AAG
PEWEHLIG NPOBAEM KAK
8 BU3HECE, TAK U 8
OBbIUHOU MXU3HLU.

3TO B8EPHO.

AFOAU 3AHACTYHO

UCnOABb3YrOT PYHKUUU,
AAXE HE B8CErAA
0OCO3HABAG 3TO.

KCTATU,

KTO XE TOT HEAOBEK,
PEWLIBWULL 3TY

3AA4AA4Y?

FAABA 1. AUPPEPEHUMPYEM PYHKLUM!




O, 370 HAW
NPUGTEAD PYTOWU.

HO 8bl FOBOPUAU,
OH CTAA
3HAMEHUTDIM?.

OH — CAMbIU
3HAMEHUTbIU
XYPHAAUCT
8 HAWEM
OTAEAEHUL,

KAK @ U MOAATAAA..
YMETDb PEWATb MATEMATUHECKUE
3AAAHU U 8bITb 3HAMEHUTDIM
WYPHAAUCTOM — 3TO PA3HDIE
BEWU.

1.3.  NPUMEHEHHWE NPOU3BOAHbIX




3TO uywb!
HO 9 HE CAAMCSA!

BPEMSI OBEAA 3AKOHHUAOCD,
AABAUTE HUHUTb MAWUHY!

_

PYTOWU, NPUNOAHUMU Q HE AYMAIO,
MAWUHY NMOBbIWE! BEADL HTO 3TO KAK-TO
Tbl CAMbBIU 3HAMEHUTDBIU CB33AHO...

XYPHAAUCT HAWEFO
OTAEAEHUS.

FAABA 1. AVMPPEPEHLMPYEM PYHKLUM!




KD Bbl4/CAEHE PO3BOAHOA %
[IpencraBum dyHKUMIO f(X) B OKPECTHOCTM TOYKM X = 4 B BUJe TMHENHOM QYHKLMM

8(x) =k(x - a) + f(a) 1)
(g(x) coBnapaer c f(a) npu x = a).
Ilns aToro Hago HaiTH K03dduLMeHT k.
TTocynTaeM OTHOCHTENBHYIO IOTPELIHOCTb PY NPUPALLEHUM X OT X = A 0 X = 4 + E.

OtHocurenbHas  PasHOCTb MeXAY f M g IOC/Ie IPUpALLIEHUA € K X

TIOTPEITHOCTD IIpupailienue € B TO4Ke X =

flate)-gla+e)
€

 flate) - (ke + fla)) ——18@ eV =K@ +e-a) +1a) = ke + fla
) £ IIpu npubmoxeruu e k 0
(a+¢€)-f(a) OTHOCHTEIbHAA NOTPEMHOCTD
= k S 0 Pu—
- € Y e TOXe npubmnkaercs K 0.
Torpga
i J@+8)=f(0) np“_)of(‘iiﬁe;ﬁ!l
0 F npubmokaercs K k.

(CumBon lim o3HayaeT 3HayeHMe pacCMaTPUBAEMOTO BbIpaXKeHUsA NpH € > 0.)
ITpu TakoM k nuueltHas ¢pyHkums (1) HaspiBaeTcA anmpoxcumanmeit GyHkumy f(x), a
k HasbiBaetcs duddeperyuanvroim kosdduyuenmon f(x) npu x = a.

Haknon kacaTenbHoit K y = f(x) B mo6oit Touke (a, f(a)) Beraucnsercs Kax
lim fla+¢) - fla)

€0 €
BBeném o6o3HadeHue f', NpUNMCaB K f INTPUX, ¥ 3amuIIEM

fla +¢€) - f(a)

€

fo-iy

f'(a) onpenensier HaKMOH KacaTeNbHON K KpuBOit y = f(x) npu x = a.
Ecny 3aMeHMTb TOYKY a Ha mepeMeHHYIo x, T0 f cTaHeT dyHkumeit f'(x).

3Ty QpyHKIMIO HA3BIBAIOT NPOU3BOOHOT om PyHKyuu f,
WK npou3sooHot ynxyuu f.

Onepanmio nonydeHus Npou3BOAHOM OT GYHKLMM f, Ha3bIBAIOT
ouddepenyuposanuem GyrHkuuu.

14. BbI4UCAEHUE NPOU3BOAHON




Y \

» ®opmyna pacuéra npefena B fuddepeHIMaTbHOM UCINCIEHNM COBIAZAET C
¢$opMyn0it OTHOCUTENbHOI MOTPELIHOCTH.

« [Ipenen ucnonb3yercs A1 HaXOXKAEHNA IPOU3BOIHOM.

o [IponsBopHas GyHKIMY B TOYKe — ITO HAK/IOH KacaTe/bHOM B 3TOM TOUKe.

« [IpousBoHas He YTO MHOE, KaK PYHKIMA M3MEHEHNA.

I[TpousBopaHas f(x) npu x = a BeruucaAeTcA Mo Gpopmyne

lim fla+¢) - fla)

>0 €

g(x) =f"(a)(x — a) + f(a) — 3To NMMHelHAsA aNMpOKCUMUPYIOLIasA GYHKLMA 1A
f(x) B TOUKE 4.

Oynkuus f(x), Bolpaxkaiolias HAKIOH KacaTeNbHoI K f(x) B Touke (X, f(x)),
HasbIBaeTCs POU3BOAHOIA f(x).

[Tomumo f'(x) mpousBonHas oT y = f(x) MoxeT Takxe 0603Ha4aTbCA:

y, L AL )
dx dx dx
N\ . J

( BolumcneHue npousBOAHONM MOCTOAHHOM, IMHEHHOM 1 KBafipaTudHOl GyHKIMYU )

1. Haitném npousBopHyio nocTosHHOM pyHKMH f(X) = a.
Inddeperimanbhblit Koapduumert f(x) npu x = a:
lim SO =S@ o aza oz,
>0 € e0 ¢ >0

Takum o6pasom, nponsBogHas NOCTOAHHOM QyHKIMY paBHa 0, To ecTb f'(x) = 0,
YTO BIIO/THE JIOTMYHO, TaK KaK M3MeHeHye MMOCTOAHHOI QyHKLMM paBHO 0.

2. BbluncnuM npounsBoaHyIo MuHeitHoM GyHKLmH f(x) = ax + P.
[TpousBonHas ¢yHkumu f(x) npu x = a

lim fla +¢) - fla) _
>0 €

af@a+¢€)+p-(aa+

lim (@are)+P-{ ﬁ)=lima=a.

>0 € >0

Takum o6pasom, nponsBogHas MMHeHOI yHKUMM paBHa KOHCTaHTe (f'(x) = a).

OTOT pe3ynbTaT TaKXe OYeBUAECH — JIMHEIHble QYHKUMM 1O ONpefe/ieHUIO
MIMEIOT TIOCTOAHHYIO CKOPOCTb M3MEHEHUA B 060 TOUKe.

FAABA 1. AVPPEPEHLMPYEM PYHKLIUM!




3. Haiiném npousBoaHyio GyHKLMHM f(x) = X2, ¢ KOTOPOJ Mbl Y)Ke BCTPeYauch paHee.
InddeperunanpHbiit koadduumenr f(x) npu x = a:

lim fla+¢€) - fla)

€

2 2
=lim 2ae+ e =lim(2a + ¢) = 2a.
e>0 € >0

(a+€)l-a
€

=lim

>0 >0

Takum obpasom, npousBogHas GpyHkumM f(x) = x2 npu x = a paBHa 24, TO €CTb
f'(a) =2a.

CnepoBatenbHo, npoussoaHas GpyHkuuy f(x) = x2 — ato f'(x) = 2x.

| YIIPAXHEHYS K TAABE |

1. Vimeercsa dynkuus f(x) n nuueitnas dynkums g(x) = 8x + 10. VisBectHo,
YTO OTHOCHTE/IbHAsA MOTPELUIHOCTb 3TUX (PYHKLMII CTPEMUTCA K HYITIO
IpYU X, CTPEMALLIEMCA K 5.

1) Haitaure f(5).
2) Haitaure f'(5).

2. Vmeercs dynkums f(x) = x>, Haitgute eé NpOU3BOAHYIO f'(X).

1.5. YNPAXHEHWUS K TAABE 1
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¥, Tbll MEFATPOKE —
OTPOMHAG KOMMAHUS!

/////////,'

3TO CEHCAULIOHHAG
HOBOCTb, HE TAK AUP

AAG KOO KAK!

FAABA 2. U3YYAEM NPUEMbI AUPPEPEHLMPOBAHUS!




KOHEUHO!

d NOAATARO, Tbl XO4YEWD

KOrAA-HusYAb HANUCATL
s80AbWYHO CTATLHO?

80 8PEMI PABOTDI HET, HA
8 MAABHOM OPUCE CAMOM AEAE
8bl ABOE AOAXHDI 3TO HE TAK.
6bIAU Y3HABATDL
AEUCTBUTEALHO
8OAHYHOWUE CEHCALUU,
PACCKANXUTE MHE!

T~

MHE HUKOTAA HE BE3AO
C CEHCAULIOHHBbIMU
HOBOCTAMU. 9 AAXE HAWEA HEM
NUCAA U3BUHUTEABHOE roPAUTLCS!
NUCBMO 3A LCMOAB30-
BAHUE 8 CBOEM
PEMNOPTAXE AOXHOL
UHPOPMALILILL

CNOKOUHO,
HOPLIKO,
CMOKOUHO.

G MOHUMALO, UTO
Y TEES 8OAbWUE
HAAEXAbI
HA FA3ETHYHO
XYPHAAUCTUKY, HO
OCHOBbI BAXHEE.

1.5. YNPAXHEHHS K FAABE 1



MOMHU, HEBO3MOXHO

MUWU NPOCTO U 9CHO — | SHATD BCE, ECAU Tol
i i CTAAKUBAEWLCS C HEM-TO,
fysdiseipdail HESHAKOMbIM, BCETAA  qpyroww EUE
CrPAWLBAL KOFO-TO  MOAOA, HO EFO
UAU CTAPALC Y3HATD  cnOCOBHOCTb

K UCCAEAOBAHUGM
UCKAHOHUTEABHO
8blCOKA.,

HE 3AsbiBAU
O HUTATEAGX HA
FAABHOU YAULIE.

3109
MOHUMALO, A G UHE

NMPETEHAYHO HA
POAb BCE3HALIKLY/

KCTATU,
Y MEHQG
80nPoC:

AAG HEFO HYXEH
AHTUMOHOMOAbLHbIU
3AKOH?

FAABA 2. U3YYAEM NPUEMbI AUPPEPEHUMPOBAHMUS!




PEAEPAADHAG TOPIrOBASG
KOMUCCUS KOHTPOAUPYET
KOMMAHUU, UTOBbl OHU HE

NPENITCTRYET CBOBOAHOU
KOHKYPEHUUL, TAK BEAD?

HY, Tbl 3HAEWDb, UTO

KOHEUHO!

AEAAAU HUYEFO, HUTO

KOMMAHUL U MAFA3UHDI
BCEMAA CTAPAIOTCG
CHABXATb NOTPEBUTEAEL
XOPOWUM TOBAPOM MO
HU3KUM LEHAM

PE3YABTATOM LIX

KOHKYPEHUUU GBAGHOTCA

BOAEE 8bICOKOE KAHECTBO
U 8OAEE HU3KUE UEHDI

HO ECAU HEKOTOPbIE
KOMMAHUU B8CTYNAMOT
8 CrOBOP APYI C APYIOM,
UAU HUTO-TO EWE 3ATPYAHIET
KOHKYPEHUUIO, NOTPEBUTEAU
TEPNAT B8OABWUE YEbITKU,
UEAb SPEAEPAADHOU
TOPrOBOU KOMUCCUU — HE
AONYCKATb NOAOEBHDIE
AEUCTBUG.

G NOHUMARO.

A CEUMAC 9 PACCKAXY
TEBE O ABUXYUELUCS
AOPOXKE, UTOEBbI

OBDBICHUTD, NOYEMY Mbl
AOAXHDI PACCMATPUBATD
AHTUMOHOMOAbHbBIL 3AKOH
8 TEPMUHAX
AUPPEPEHUUAADHOMO
UCHUCAEHUS,

Mbl OsCYAUM
yTo, MPABUAO CAOXEHUG
onaTtb 8bl neou380AHDIX,

3A CBOE?P TEBE MOAE3HO

3ANOMHUTD ErO.

1.5. YNPAXHEHHS K FAABE 1




3BOAHAS CYMMBb! PYHKLUA 3TO NPABUAO,
S A ; R LCNOAB3YS
AnNnNPOKCUMAUUKO
8 TOUKE x =4,
KAK Mbl 2TO AEAAAU
8 MAABE 1.

[1pouspoanas cymvibl pyukuun

Ecmu h(x)=f(x)+ g(x),v
10 h'(x)=f'(x)+g'(x) 2.1

TO ECTb
nPOU3BOAHAG
CYMMb! PYHKUUL
PABHA CYMME NPOU3-
B80AHbIX, KOTOPbIE
E& COCTABAGIOT.

HTO 370
3HAHUT?

f(l)z f/(a)u—a) + f(a) ()

g™ 9'(a)(7c-a) +9(0) (2)

MYETD AAHO - TAK KAK h(x) = f(x) + 50
noactagum (1) u (2)
8 UCXOAHOE YPAGHEHLE,

h(z)%k(z-a) @

Mb! XOTUM
HAUTU k.

FAABA 2. U3YYAEM NPUEMbI AUPPEPEHUMPOBAHNS!



U MOAYUUM,
HTO...

hi = Tia-a)+f+ glaXa-a) + g(@) ()

ECAU Mb! el e = ( (?"3'(“))" GEPHO!
MEPErPYNNUPYEM UAEHbI |77 . | | X(x - a) + f(a) + g(a). ;
YPABHEHUG (4), TO U3 [+i+i-l-i-1-1 0 ; (3"1";(?;‘ CZS"’O“""
Y"ﬁ?g*:ggqf,ﬁuﬁ‘f;f" ( Anute CAEAOBATEABHO u
“\nocmoteetp. | | k =f(a) + g'(a)! ’
: AUPPEPEHLLAADHBIL]

KOIPPUUUEHT PABEH

NPOU3BOAHOU, TAK
uto k=h'(a) =

=f(a) + g'(a).

neu (x - a)
u ecto k.

A BE3 PYTOWU
HEAB3G? AAAHO,
9 NOCTAPAXOCbH

COCPEAOTO-
HUTbCS.

A CEUHAC AABAU
9 08 BACHIO, UTO
nePouCxoAUT neu
XOAbEE NO
ABUXYUWEUCS
AOPOXKE.

nyctb ®eytowu
UAET NoO
TPOTYAPY.

2.4. NPOU3BOAHAS CYMMb! PYHKUUA




nycTb nyTb, KOTOPbLIL
OH MNPOWEA 3A
X MUHYT OT
HAUAABHOU TOUKU 0
— 370 f(x) MeTPOR.

nyctb UePE3
X MUHYT OH
BYAET 8 TOHKE P.

HEPE3 g MUHYT
OH BYAET 8
TOUKE A.

A 4

3TO 3HAHUT, UTO OH
AOWEA OT A AO P
3A (X - a) MUHYT.

BEPHO.
HO uUTO U3
aToro
CAEAYET?

HE TOPOMUCD.

nycTb 370 BPEMS

ABLXEHUG (x - a)
BECKOHEUHO
YMEHDWAETCY.

CIKU-CAH, AEBAQ
UACTb 3TOrO
YPABHEHUG — 3TO
NPOUAEHHDIU NYTh,
AEAEHHDIU HA BPEMS,
TO ECTb 2T0
CKOPOCTL?

fx) = f'(@)(x - a) + fla)

MEPENUWEM
BEPXHEE
BbIPAXEHUE:

TOUHO! 3HAHUT,
f(a) — 370 ckoOPOCTL
PYTOWU, KOrAA OH
NPOXOAUT TOHKY A.

FAABA 2. WU3YYAEM NPUEMBI AUPPEPEHLIMPOBAHMS!



TO ECTb,
AUPPEPEHULIPYS
PYHKULIO f(x),
BLIPAXAIOWYHO NYTb,
Mbl HAXOAUM CKOPOCTb!

BEPHO.
MO3TOMY, ECAU

h(x) = f(x) + g(x),

, TO
h'(x) =f(x) + g'(x).
YTO 3TO O3HAYUAET?

nyctb ®@yTOWU TENEPD
UAET NO ABLIXYWELCS
AOPOXKE, KOTOPYIO L
Tbl MOMAA BUAETD
8 A3PONOPTY.

Oy TOWM TPOXOAMT
g(x) metpos 3a x MuHyT

3A X MUHYT AOPOXKA
NEPEMEWAETCS HA
f(x) METPOB. 3A 3TO XE
BPEMA PYTOWU
OTHOCUTEABHO AOPOXKU
NPOXOAUT g(x) METPOB.

[lopoxka epeMelaeTcs Ha
f(x) merpos 3a x MunyT

TO ECTb OsWull nNyTb,

NMPOUAEHHDIU PYTOWU

3A X MUHYT, BYAET
PABEH

h(x) = f(x) + g(x).

2.1. NPOU3BOAHAS CYMMb! PYHKUMUA




Q NOHAAA! OHA O3HAUAET,
O:Hmi&fip‘g’%f/‘\ A HTO CKOPOCTb PYTOWU
h'(x ) - f(x) + g'(x )? OTHOCUTEADHO HABAIOAATEAS,
CTOQUWENO BHE AOPOXKKU,
PABHA CYMME CKOPOCTU PYTOWU
HA AOPOXKE U CKOPOCTU
CAMOU AOPOXKKU, TAK?

3TO nNPOCTO.
OAHAKO, PA3BE 3TO
KAK-TO C843AHO C
AHTUMOHOMOAbHDIM
3AKOHOM?

EYAb UYTb
TEPNEAURGEE.
@ XE rosoPUA

TEBE, HTO
BAXCHDI
OcHOBDbI.

NOCTAPAROCD.

CAEAYIOUWEE
MPABUAO TOXE
FBAQETCI
OCHOBHbIM,
TAK 4TO 3ANOMHU

u ero.

FAABA 2. U3YYAEM NPUEMbI AUPPEPEHUMPOBAHHUS!




KD POU3BOAHAS MTPOU3BEAEHHS PYHKUMA

OT 3TuX
PYHKUUL
FOAOBA KPYIOM

[Tpoussoanas npoussesenus Gynkunu

Ecmn  h(x) = f(x) g(x),
0 hX)=f)gx)+fxgx) @I

[IpousBogHas mnpousBenenus QYHKUMI paBHa
CyMMe NpOM3BE[EHMIA, KaXJioe M3 KOTOPbIX Cofep-
XXUT QYHKLMIO U TTPOM3BOJHYIO APYTOit GYHKLMM.

PACCMOTPUM
PYHKUUU
8 OKPECTHOCTU
TOuUKU a
X =a.

fx) = f'(@)(x - a) + f(a)
g(x) = g'(a)(x — a) + g(a)

h(x) = f(x)g(x) = k(x — a) + |
h(x) = {f'(@)(x - a) + fl@)}{g' (@)(x — a) + g(a)}

(x-a)—
OUEHb MAAEHDKOE
U3MEHEHUE. 3HAUUT,
(x - a)* OUEHD OHEHb MAAO.
TAK KAK HAWE PABEHCTRBO
NPUSAUXEHHOE, TO 3TUM
UAEHOM MOXHO
NPEHEEPEUD.

{f (@g(a) + fla)g' (@} (x - a) = k(x - a)
k=f'(a)g(a) + fla)g'(a) Y otvneh

2.2. NPOWU3BOAHAS NPOU3BEAEHUS PYHKUMNA




A 80T TENEPL G
UCnoAb3Y+O
AUPPEPEHULIPOBAHLIE,
HTOEbl O8BICHUTD,

MOYEMY HEAB3G
AONYCKATb
MOHOMOAUO,

KAK MOXHO
PEWUTDL COULIAAL-
HYHO MPOBAEMY,
UCMOAb3YS
AUPPEPEH-,
ULPOBAHLE?

PA3BE 3TO
HE NPOBAEMA
MOPAAL,
CNPABEAAUBOCTU
U uctunbl?

AABAL B3MAGHEM
HA MUpP C TOuKU
3PEHUI BU3HECA.,

PbIHOK, 8 KOTOPOM
PA3HDIE KOMMNAHUU
nPOU3BOAGT TOBAPDI
OAUHAKOBOIO
HASHAHUEHUG, HA3DIBAETCSG
‘PbIHKOM CBOBOAHOU

KOHKYPEHULILI",
MOXEUWb PbiHOK cBOGORHO#H
NPUBECTU KOHKYpeHUHH
MPUMEP?

MOXET...
BUAEONPOKATHDIE
MACA3UHDbI?

BEPHO! 8 YCAOBUGX
CBOBOAHOU KOHKYPEHLLIU
UEHA HA TOBAP
ONPEAEAIETCI PLIHKOM,
U KOMMAHUU NPOLI3BOAAT
U nOCTABAGOT TOBAPDI
AO TEX NOP, NOKA 3TO
MPUHOCUT UM 8bIrOAY.

TAABA 2. W3YYAEM NPUEMb! AUPPEPEHLMPOBAHUS!



NPEACTABUM, K NMPLUMEPY,
HTO KOMMAHUG, NPOU3BOAGWAS
CO-NAEEPLI C PBIHOUHOU UEHOU
12 000 UEH 3A WTYKY, XOHET Y3HATb,
CTOUT AU YREAUHUBATD OBHEM
8blINYCKAEMOU NPOAYKULUL,

ECAU CTOUMOCTb
NPOU3BOACTRA EWE
OAHOIO CO-NAEEPA PABHA
10 000 UeH, TO KOMMAHUSG,
KOHEUHO, YREAUHUT 8blnycK

MPOAYKUUL, TAK KAK
NMOAYHUT 8birOAY.

nPABAA, YBEAUUEHUE
8bINYCKA MOXET
MPUBECTU K CHUXEHUIO
PbIHOYUHOU UEHbI, HO Mbl
BYAEM CHUTATb, UTO
3TOrO HE NPOU3OUAET.

AONYCTUM, KOMINAHUG PEWLIAA
YBEAUHUTL NPOU3BOACTERO. NPU
2TOM UBMEHUTCA CTOUMOCTD
MPOU3BOACTEA, A 3HAHUT, U
EFO IPPEKTUBHOCTD. KOrAA
CTOUMOCTb MPOU3ROACTBA
KAXAOU HOBOU EAUHULB!
nPOAYKUUU AOCTUMHET
PbiHOUHOU UeHbl 12 000 ueH,
YBEAUHEHUE OBBHEMA
NPOU3BOACTEA NEPECTAHET

NPUHOCUTL MNPLISbIAD.

UEHA = 3ATPATDI HA NPUPOCT
nePoU3BO0ACTBA EAUHULDI
neo4ykuuu

TO ECTb

APYFAQ CUTYAUUS BO3HUKAET
HA MOHOMOABHOM PbLIHKE,
FAE TOADKO OAHA KOMNAHUG
NOCTABAGET ONPEAEAEHHDIU
NPOAYKT. TO ECTb TOALKO
OAHA KOMNAHUG COCTABAGET
BECb PbIHOK.

MOHOTIONbHbINA

PbIHOK

ECAU NOCMOTPETL
HA PBIHOK 8 UEAOM,
TO MPU NOCTOIHHOM
CNPOCE POCT
MPEAANOXEHUS
BEAET K CHUXEHUIO
UEHb!,

2.2. NPOWU3BOAHAS NPOU3BEAEHNS PYHKLIMA




KCTATU, NPOU3BOAHAS p'(x),
KOTOPAQ BbIPAXAET
U3MEHEHUE LEHDI,
OTPUUATEABHA, TAK KAK
UEHA EALHULDbI
MOHUXAETCG, ECAU X
NOBbIWAETCY,

AONYCTUM, Mbl 3HAEM
PYHKULIO p(X),
OrUCbIBAIOWYHO

3ABUCUMOCTb UEHbI,

NO KOTOPOU KOMMAHUG

MOXET NPOAABATD
TOBAP, OT OBWErO
KOAUMECTBA TOBAPA X.

BEPHO, AOXOA
KOMMAHUU OT
PEAALUBALLL TOBAPA
B8bIHUCAGETCSG 11O
POPMYAE...

Tloxon = h(x) = eHa X KONMN4ecTBO = p(x) X X

U3 POPMYAbI
8UAHO, UTO h'(a)
PABHA UBMEHEHUIO
AOXOAA nPU
YBEAUUEHUU OB BEMA
nPOU3BOACTEA HA

C mpyroit CTOpOHBI, Mbl 3Ha€M, 4TO
M06y10 QPYHKIMIO B OKPECTHOCTH
TOYKM @ MOXKHO 3aIlicaThb B BUfE:

, EALHULY
h(x) = h'(a) (x - a) + h(a), Torga NPOAYKULL.
Chx) -h@=h'(x)(x-a) (23
L_.__'_____I \...__r.._.'
Wsmenenne  Mamenennue o6béma
loxona - TIpOM3BOLCTBA
9 NOHGAA! UTOEBbI PEWULITD, h(x;b-'- ;?iff(' xT A:OK:‘Z 240
YREAUUUIBATb AU OBHEM HALTL npous'eo AHYVIO

NPOU3BOACTEA, KOMMAHLIL
HYXHO gblHucAuTb h'(a)
U CONOCTABUTL PE3YABTAT
€O CTOUMOCTBIO
NnPOU3BOACTBA EAUHULIBI
TOBAPA.,

NPOU3REAEHUQ PYHKUUL,
MOMHUWD POPMYAY?

AAUTE
NOAYMATD..,

FAABA 2. U3YYAEM NPUEMbI AUPPEPEHLMPOBAHHUS!




BEPHO. YBEAULLBATD
8bIMYCK MOXHO AO
TEX noe, NokA h'(a)
HE CTAHET MEHbILE,

HEM YBEAUUEHUE CTO
UMOCTU NPOU3BOA-
CTBA AOBABOHHOU

EALHULIDL,

Mbl NOAYUUM
h'(@) =p'(a)a + p(a) x 1

\

APYTUMU CAOBAMU, POCT 8bl-
MYCKA HAAO MPEKPAWATD,
KOraa p'(a) x a + p(a) ceae-
HIETCI CO CTOUMOCTLIO NPO-
LU3BOACTBA EAUHULIbI TOBAPA,
TAK KAK MEPELIL HAEBH OTPLILIA
TEAbHDIL, TO PLIHOYHAG
UEHA p(a) 8YAET BOAbLE
CEEECTOUMOCTL,

3TO HPE3MEPHOE oH U
CPLIKCUPOQAHUED 8rPIMb
UEH, HE TAK AU YMEH.

HO MOHONOAbHASG
KOMMNAHUG NMPEKPAIIAET

nPOU3BOACTBO, KOrAA
UEHA 3HAUUTEADHO Tbl NPAB, HO Tbl AOAXEH
B8OAbWE CTOUMOCTU MOCMOTPETb BHUMATEADHEE.
nPOU3BOACTBA KOMMAHUU AEAAKOT 3TO
AOBABOHHOU HE 3AOHAMEPEHHO, A UCXOAG
nPoAykuuu, U3 UEAECOOEBPA3HOCTU.
83MAGHU HA

BbIPAXEHUE

2.2. MPOU3BOAHAS NPOU3BEAEHNS PYHKUUNA




[lnst Toro 4T06bI 06BEM MPOAAXK YBEMMYMIICA HA ENVHMUILY,
00bEM IIPOU3BOACTBA HO/DKEH BHIPACTH YYTh OOIbLIIE:

h'(@) =p’'(a)a + p(a),
rae
p(a) — yBenuyenme J0OX0fa OT MPOJAXKM d-i eAMHMILBL;
p'(a)a = CxopocTb CHIDKeHU LieHbl X KomuecTBo nmpopykuun =
= O61mit yObITOK M3-3a CHYDKEHMA LIEHBL.

HTO Tbl
AYMAEWD,
HOPLKO?

MOHONOAUCT
YCTAHABAUBAET OBBEM
8bInyckA, CONOCTABAGG,

AOXO4 OT NPOAAXLU
EWE OAHOU EAUHLLIbY
TOBAPA C YEbITKAMU,
8bI3RAHHbIMU
CHUDKEHUEM LEHD!,

ECAU TAK, TO 8 AELUCTBUGX
MOHOMOAUCTA HET 3AOMO
YMbICAA, OH MPOCTO
AgUCTBYET
8 COOTBETCTRUU
C OCHOBHbIM MPUHUUMOM
KAMUTAAUBMA —
MOAYHEHUEM NPUEBLIALL
TAKUM OBPA3OM,
OBBUHEHUE KOMMAHULU
8 AMOPAABHOM NOBEAEHUU
HE UMEET CMbICAA.

HO AAG NOTPEBUTEAEL
U OsWECTBA
NOBEAEHUE KOMNAHUL
GBAJETCS MPULLIHOU
HEXEAATEABHO
8bICOKUX UEH, 8OT
MOUEMY MOHONOAUU
SANPEWEHDI 3AKOHOM.

FAABA 2. U3YYAEM NPUEMbI AUPPEPEHLMPOBAHUS!




C3KU-CAH, KAK 340P080!
B8CE OBIWECTBEHHDIE NPOBAEMbI
MOrYT 6blTb PEWEHDI
AUPPEPEHUUPOBAHUEM, TAK?f

NOPA3UTEABHO!

A KAK HACHET AOBRUP
AOBO8b TOXE MOXHO
NPOAUPPEPEHULPORBATL?

A LA

KAKAG Uywb! Tbl COBCEM HE AP-p-p!
MOXEWb ©biTb CEPLE3HOU. HEHABLIXY BAC,
M EECUYBCTBEH-

HbIE CYXApLY/

2.2. NPOW3BOAHAS NPOUSBEAEHNS PYHKUMA




ACATAKD TAUMC,

O, 3APABCTRYUTE,

_ OTAEAEHUE ;
r"]y e CAHAA-HO W..Weep!
""y | HA C8Q3U.

e

Y MEHI ECTb
HECKOAbKO
80nPocoL no
nogoAY CTATbU,
KOTOPYHO 8bl
HAMUCAAU.

AA,
Q CAYWARO..

FAABA 2. WU3YYAEM NPUEMb! AUPPEPEHLIUPOBAHMS!




G 8bl XOTEA Y3HATD O 8AWLUX
UCTOUHUKAX, A TAKXE
MOAYUUTb 8CHO UHPOPMAULILO,
KOTOPOL 8bl PACNOAAMAETE
no 3TOMY 80MnPOocy.

BO3MOXHO, 2TO NOMOXET

B80CCTAHOBUTL 8AWY
PENYTAULILO,

8 UEM AENO,
CIKU-CAH?
Y 8AC
O3ABOUEHHDIU
BsUA,

AA..
9 NOHUMARO.

CNACUBO, HUTO
NO3BOHUAU MHE.
Q9 8CE CAEAAIO.

HTO-TO
CAYHUAOCH?

HET, HUYEMO
CEPbLE3HOIO.

2.2. NPOU3BOAHAS NMPOU3BEAEHUS PYHKLMNA




2.3 LT DOR 0ro NR B 8 3AKAIOHEHUE
2 3ATOMHUM POPMYAbI

ANG AUPPEPEHUL-
pOBAMS
y=ax MHOIOHAEHOS.
AUPPEPEH-

CMEHLIM TEMY. . ULIPOBAHLE AOEOTO|
MHOTOUAEHA MOXHO

y=ax*+bx+c OCYWECTRUTD €

B S— NMOMOWbIO TPEX

POPMYA.

CHavasa mokaxeM, 4t ecrut h(x) = x", 1o h'(x) = nx"~ 1,

Jlnst 3TOrO MCHOMB3yeM HECKONBKO pa3 IpaBuo fuddepeHnpoBaHus npouspese-
HUA.

Iins hix) = x%: tak kak h(x) =x X x, Toh'(x) =x x 1 + 1 X x = 2x.

B atom cryyae popmyra BepHa.

Inst h(x) = 2% Tak Kak h(x) = x x, 0 h'(x) = () X x + 22 X (x) = Qx)x + ¥ x 1 = 3x%,
dopmyna BepHa 1 B 3TOM CITy4ae.

Iist h(x) = x* Tak kak h(x) =X x 6, To h'(x) = () xx+ 2 x () =32 x x+x° x 1 = 4%,

Onsarb popmyna crpaBepnBa. Y Tak o 6€CKOHEYHOCTH.

106051 MHOTO4/IEH MOXHO PO GUPUHLMPOBATD, IONB3YACh TpeMs popmynamu!

Mopmyast araa auddepeHIHPOBAHHS MHOTOYAEHOB

Cymma pyHKumit {fix) + g0} =f(x) + g'(x). (2.4
YMHOXeHYe Ha KOHCTaHTY {aftx)} = af (x). (2.5)
CrenenHas GpyHKIMA X" =nx""1, (2.6)

Tlposepum 310 B feficTBum! [Ipoguddepentmpyem h(x) = x° + 2x* + 5x + 3:
)= +2x2+5x+3} =) +(2x) +(5x) + (3) =

Y

24

=\(x3)’ +2(2) + 5(x)’ =\3x2 +2(2x) + 5x1 = 3x% + 4x + 5.
25 26
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g 8bliAy
HEHAAOATO

PP

HE
BECNOKOUCS
3A HEFO.

11,

A HE CAEAATD AU TEBE
KAKOU-HUBYAD PENOPTAX?

NPABAA?

AA, G CABIWAA, UTO 8
NAPKE PA3BAEHEHULI
CAHAA-HO TOAbKO HTO
80CCTAHOBUAU
AMEPUKAHCKUE TOPKU.

80T U HANMUWU OB
2TOM.

3TO 8CEMO Auwb
MECTHbIE rOPkuU.

T

I

2.3. AUPPEPEHUMPOBAHME MHOIOYAEHOB




IOX.' r
Opec
pd p
_AxY ' o Paa
all \\\ﬁ\ 2] 0 3 N
{ 1171 7 Rep
// Cn 0
— Maxkcumym 0
N R
ne A
H
My H
ap R
NOXOXE HA ~ p
AMEPUKAHC- Munumym K

KUE roeku

MaxcuMyMsl ¥ MUHUMYMBI QYHKIIMM HAXOLATCA TaM, I7ie GYHKIMA OT YObIBaHMA
TepeXOIUT K BO3PAcTaHMI0 WM Ha060poT. OHU BaXKHbI /1A U3yYEHUS CBOJCTB
¢ynkuuy. Tak Kak MaKCMMYM MIM MUHMMYM 4acTO SAB/IAETCA a6COMOTHBIM MaKCH-
MYMOM U/ MMHMMYMOM, TO, COOTBETCTBEHHO, OH SIBNIAETCA NONIE3HO TOYKOI /1A
HaXOX/IEHN)SA ONTUMA/IbHOTO PEIEHMA.

yCJ\OBHﬂ IKCTPEMYMOB

Oynnus y = f(x) vMeeT MaKCMMyM WM MUHUMYM B TOUKe X = g, ecv f (@) = 0.

9TO 3HAYMUT, YTO MBI MOXKEM HANTI MAKCUMYMBI M1 MUHMMYMBI, Hall[is 3Ha4eHue 4,
ynosneTBopsomee ycnosuio f (a) = 0. Ty 3HaueHU eLié Ha3bIBAIOT IKCHPEMYMAMU.

4toO 2707
9 HEHABLIXY
AMEPUKAHCKUE
roeku..

FAABA 2. WU3YYAEM NPUEMBI AUPPEPEHLIMPOBAHMS!




Iycrs f ‘(@) > 0. B6mu3n Touku x = a GyHKLMIO
f(x) MOXXHO 3aMeHUTDb IPUOMVKEHHOM
nuHeitHou pyukumei f(x) = f'(a)(x - a) + f(a),
KoTOpas Oy/ieT BO3pacTaTh B TOUKe X = d

Bcneactaue f '(a) > 0. Cama pyHkuus f(x) 6yner

VIMETb BUJ, O1IM3KMIT K M306pakEHHOMY Ha
pucyHke. JIpyrumu croBaMu, Ha 3TOM y4acTke

\noporu ropKa ujér BBepX.

-
AnanornyHo y = f(x) yopiBaet npu f ‘(a) < 0,
TO eCTb TOpKa MAET BHU3, U 3TO HY BEPXHsI,

HU HUXXHAA TOYKA.

\.

Ecnu y = f(x) Bo3pacraer u yoniBaer ipu f ‘(@) > 0 u f '(a) < 0, To HaBepxy MM BHU3Y
o6s3aTenbHO JOMKHA ObITH TOYKA, IAie f ‘(@) = 0. VI geiicTBuTENBHO, B TOUKE f'(a) = 0
npubmK€HHas MHeitHas GyHKuuA 6yaeT paBHa KOHCTaHTe y = f'(a)(x — a) + fla) =
=0x (x - a) + f(a). IT0 GopMyna ropu3OHTANIbHOI KacaTenbHOI K KpuBoit f(x) , 4TO M

HOOJIXKHO Ha6HIOlIaTbCH B MaKCMyMaX 1 MMHUMYMaX.

(a, f@))

F@)=0

27U
PACCYXAEHUG
MOrYT ebiTb
NOADbITOXEHbI
CAEAYOUEU
TEOPEMOLI.

Ycrorua sospacranus u y6pisanus

Ecmu f'(a) > 0, To B TOUKe X = a QpyHKUMA ¥ = f(X) Bo3pacTaeT.
Ecmu f'(a) < 0, To B TOUKE X = g QpyHKIMA y = f(x) yObIBaET.

24, HAXOXAEHWE MAKCUMYMOB ¥ MUHUMYMOB




AA, AA, AA!
g AHOBAO
AUPPEPEHUU-
POBAHUE!

n || ¢ ero nomouwbto

“ A

# 1 |8 mory osbacHuTb | 0, TAK Tbl ack
e 8CE HA CBETE! & FOHGAAD!

" XU-XU-XU..

a

f

Tbl XE TOAbKO
HTO CKA3AAA,
HTO AOsUWD...

8bl ONaTb 3A CROE?P
TOAbKO U 3HAETE:
AUPPEPEHULUPOBAHUE, 4
AUPPEPEHULPOBAHLIE,
AUPPEPEHULPOBAHUE...

HET, CNACUEBO.

MOLI MO3F 9 HE XOuy oS e
8 OTKAHOHKE, CAUWKOM MHOMO AN UTO

NuTb CEFOAHSG.

CKA3AA WEP?

C3KU-CAH, EWE
HTO-HUBYAb
BbINbETE?

FAABA 2. U3YYAEM NMPUEMbI AUPPEPEHLIMPOBAHMS!




HE BYAEM
O rPYCTHOM!

BOCXUTUTEALHO!
PA3AUBHOE NUBO —
AYUWEE nueo!

BHUMAHUE, 8OMPOC!
CYWECTRYIOT ABA BUAA
ny3blPbkO8 MuUgA. CPABHU-
TEABHO MAAEHDKUE, KOTOPbIE
CTAHOBATCG EWE MEHbWE
U 8 KOHUE KOHUOB
UCHE3AIOT...

U CPABHUTEABHO B8OAbWLUE,
KOTOPbIE &bICTPO
YBEAUUUBAKOTCS,
NOAHUMAIOTCG HA
NOBEPXHOCTb U AOMAKOTCS.
A TENEPb OBDICHUTE,
MOHEMY 2TO MPOUCXOAUT/

24, HAXOXAEHUE MAKCUMYMOB ¥ MMHUMYMOB




TAK KAK MA3LIPOBAHHbIE
HAMUTKU, TAKUE KAK NUBO,
NEPEHACDIWEHD! YTAEKUCADIM
FA3OM, OH BOAEE CTABUAEH
sYAYHU 8 FA3008PA3HOM
COCTOGHUU, HEM KOTAA OH
PACTEBOPEH 8 XUAKOCTU,

MO3TOMY 3HEPIUQ
ny3blPbkA YMEHBWAETCS
MPOMOPULIOHAABHO EFO

OBBEMY &/3nr), FAE 1 —

PAALYC NY3blPbKA.

C APYIOU CTOPOHDI, HA MPAHULYY
PASAEAA MEXAY MY3bIPbKOM
U XUAKOCTbIO AELUCTRYET
NMOBEPXHOCTHOE HATAXEHUE,
CTPEMACb YMEHDWUTD NAOWAAD

NOBEPXHOCTU,

NO3TOMY SHEPIUG MY3blPbKA
U3-3A 3TOU CuAbl
YREAULUIBAETC
NPOMOPULIOHAABHO NAOWAAL
NOREPXHOCTU, 4Ttr.

\
YUUTBIBAS 3TU ABA n)(r)s.?a;b;x(a E;;%ﬁz TOBEPXHOCTH
IPPEKTA, BbIPAILIM
sneeruro E(r) T‘ —
ny3blPbKA KAK E(®) = —a(=nr’) + b(dnr?)
PYHKUUIO PAALYCA T. 3
(R N
Oueprus, OJHeprus,
3aBUCAINAS 3aBUCAIIAA
oT 00Bb€éMa  OT IJIOIANHU

KAK NMOKA3AHO
3AECD.

FAABA 2. WU3YYAEM NPUEMBI AUPPEPEHLMPOBAHMS!




ny3blpEK CTPEMUTCS
K YMEHDWEHUIO CBOEU
SHEPI UL, HACKOALKO
3TO BO3MOXHO. ECAU
Mbl HAUAEM, KAK

BEAET CEEI PYHKULUG
E(7), Mbl PA3FAAAEM

3AMAAKY MY3blPbkOs
nugA.

510 AAG NMPOCTOTHl BYAEM CHUTATDb,
GMEUATAGET UTO a U b pagHbl 1. TOrAA
i ! 3ABUCUMOCTb 3HEPIUU OT t

YNPOCTUTCA AO COOTHOWEHUG
E(r)= -r*+ 3%
3TOr0 AOCTATOUHO, UTOEDI
u3ydutb oswull gua E(r).

w

P
it \J
QUi
A4
80-NEPRDIX, IR Y ,
IKCTPEMYM. = -3 +6r
==3r(r - 2).
koraa r=2,170 E'(r)=0.
Koraa 0<r<2,70 E'(r) >0,
U PYHKUUG BO3PACTAET,
d koraa r>2,10 E'(r) <0,
U U PYHKUUS YEDIBAET.
3HAUUT, 8 TOUKE P (r=2)
PYHKUUG E(r) UMEET MAKCUMYM.
TENEPL Mbl 3HAEM, UTO
reacpuk E(r) 8bifAGAUT TAK.
3TOT MPAPUK OBOPUT M E(Y)
O TOM, UTO Ny3blPbKU BEAYT P
CEBY NMO-PA3HOMY .
8 3ABUCUMOCTU OT M, N
PACTNOAOXEHUG i ,
OTHOCUTEABHO 5 :
MAKCUMYMA P. 5 : :
L r,
m 2 n \ §
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ny3blPEK ¢ PAALUYCOM m U
SHEPIUEU M, HAUHET YMEHDbWATb
€8O PAAUYC (m), UTOSbI
YMEHDbWUTb SHEPTULO E(T).
ny3blPEK BYAET YMEHDWATbCS,
NOKA COBCEM HE MPOMNAAET.

m 2

¢ APYIOU CTOPOHDI, NY3blpEK
C PAALIYCOM n U 3HEPIUEU N,
UTOBb! YMEHDBWUTL SHEPIUIO
E(r) HAUHET YBEAUMUBATD
CBOU PAALIYC. NY3bIPEK BYAET
PACTU U 8bIXOAUTb HA
NOBEPXHOCTbL NUBA.

-

+—— HYSprbKM YMEHbIIAOTCA HY3prbKM YBENIUINBAKOTCA —

PyTowu.,

FAABA 2. M3YYAEM NPUEMbI AUPPEPEHUMPOBAHUS!

H..HOPUKO!




HE CMEU rOBOPUTL MPU MHE
nPO MPAPUKL, PYHKULUIL
U NPOU3BOAHDIE!

NPUHECUTE MHE

’ 3AMOAHL! CAK3!
E CAKD!
i
|

OY! 3A MPEAEAAMU
O®PUCA Tbl BEAEWD
CEBY COBCEM
no-APYromy!

KAXETCG, OHA
AOCTUrAA
CBOENO
MAKCUMYMA,

2.4. HAXOXAEHME MAKCUMYMOB 1 MUHAMYMOB




/B TEOPEMA O CPEAHEM

Kak roBopunocn Bbilile, TpOM3BOLHAs — 3TO KO3 ULMEHT IPK X B IPUOIVOKEHHOI
NMHeHOM QyHKIMY, 3aMeHsoLell pyHKIMIO f(x) B OKPECTHOCTH X = 4.
To ectb

f(x) = f'(a)(x — a) + f(a) (mpu x, cTpeMALIEMCA K ).

Ho nuneitHas GyHKIMA — 3TO TONMBKO «IpubMKeHNe» f(x), u Ana b, faxke 6MuU3Kux
K g, CTpPOTO T0oBOpS

ftb) #f(a)(b - a) + fla). (1)

To ecTb 3T0 He TOUHOE PaBEHCTBO.

AAG TEX, KOO 2TO HE YCTPAUBAET,
CYWECTBYET CAEAYIOWASG TEOPEMA.

Teopema o cpeanem

Iins mo6bix a u b, Takux, 4T0 a < b, HaitpéTcA {, yaosneTBopsomee YCIOBHIO
a < { < b, pnst KOTOpOTO GYAET BBIIONMHATHCA PaBEHCTBO:

f6) =f()(b - a) + fla).

Jlpyrumu cnioBaMu, MO>KHO 3amMcaTh ypaBHeHMe (1) co 3HaKOM paBeHCTBA, UCIIONb3YA
He f'(a), a f'({) — 3HaueHNe IPOU3BOLHOI B TOUKE (, PaCIONOKEHHO! MEXAY d U b.

FAABA 2. U3YYAEM NPUEMBI AUPPEPEHLMPOBAHUS!




Hapucyem nunuio yepes touxu A(a, f(a)) u B(b, f(b)), 4106b1 momyunTs oTpesok AB.

(x)
/& y=10)
Haxnou AB
(] AL ; B(b, f(b))
Ay \ N

f@) o K&_z;f(;)ig \ Haxon f'({)

a ( b x
Ax

/3BecTHO, YTO TaHTEHC yITa HaK/IoHa oTpe3Ka AB paBen Ay/Ax:

: A b) - fla
TaHreHc yria HaknoHa oTpeska AB = A—y = i(l-’)——@ . (2
x -a

Bynem nepememath muumio AB 13 Haya/IbHOTO MONIOXKEHUS, KAK [IOKa3aHO Ha PUCYHKE.

B utore nuHMs JOCTUTHET TOYKMY, 32 KOTOPOI OHA yike He Gy/ieT repeceKkarbcs ¢ rpadu-
koM ¢yHkuumn. O6osHaunm ary touxy (¢, f(()).

B 9T0it TOYKe TMHNA AB/IAETCS KacaTeNbHOI, U 3HaYUT eé HakmoH — f(().

Tak KaK MMHMA NepeMelanach NapajleNbHO eé HayaTbHOMY MONOKEHMIO, TO eé Ha-
K/IOH He OT/INYAeTCs OT HAK/IOHa, BbIYMC/IEHHOTO 10 (hopmyre (2).

CAEAOBATEALHO, Mbl MOAYHAEM, UTO

fb) - fla) b) f (@) £ (0.
OTKYAA

fb)=f"()(b - a) + fla).

2.5. TEOPEMA O CPEAHEM




26)

8(x)
fo)

1
CHavana HaiéM npousBofHy0 GyHKUMM p(x) = ?(—), KoTopas AB/NAETCA 0OpaTHOI
x

K f(x).

Haitném gopmyny s mpoussopHoit pyHkumu h(x) =

ITocne 3TOro MBI CMOXEM HPYMEHUTDb MPaBUJIO [/ MPOM3BOXHON MPOM3BEAEHMs
ABYX GyHKumit K h(x) = g(x)p(x).
OueBupHo, uto f(x)p(x) = 1.
Torga
1 =flx)p(x) = {f (a)(x - a) + fla){p"(a)(x - a) + p(a)}.

Tak kax neBas u npaBasg 9acTy paBHbI, TO PaBHBI ¥ MX MPOU3BOAHbBIE:

0=p(a)f'(a) + fla)p’(a).

Takum obpasom, umeem: p'(a) = - p@ 1@ .
f@)
Tak xak p(a) = L, MOACTaBAAA 9TO B  UMCIMTeNb BMecto  p(a),
f@)
rnony4aeM p'(a) = —_}'—(’;—?2.
3 g(x) 1
ammuteM GyHkumio h(x) = B BUJIE h(x) = g(x) x — = g(x)p(x)
x) f)

VI IPMMEHMM NTPABU/IO YMHOXEHMA U POPMYITY, ONY4EeHHYIO BhILIE.

vy gy 1 f)  gEftx) -g)f'(x)
h'(x) = g (x)p(x) + g(o)p'(x) = g(x)x%‘—j -g(x) o o .

B ntore nonydaem cnenyiomyio popmyny:

[Ipousrognas yactuoro ot gerenus Gynkuum

7 @) f(z) - ¢@) f'@

b (z) = 2.7)

flz)?

FAABA 2. WU3YYAEM NPUEMBI AUPPEPEHLIMPOBAHMUS!




S ———— O —————

/KD NPOUBOAHAS CAOXHOMPYHKUMM

[onyuum popmyny npoussogHoit ot h(x) = g(f(x)).
B okpecTHOCTU X = a

f(x) - fla) = f'(a)(x - a),

a B OKPeCTHOCTH y = b
8(y) -g(b) =g '(b)(y - b).
ITonctaBnseM b = f(a) u y = f(x) B nocnexHee BblpakeHMe ¥ MONyYaeM B OKPECTHOCTH
x=a
8(f(x)) - g(f(@)) = g (fa))(f(x) - fia)).
3ameHuM f(x) — f(a) BbiparkeHyeM CIipaBa 13 IEPBOTO YpaBHEHNA
8(f(x)) - g(f(a)) = g'(fla))f "(a)(x - a).
Taxk kak g(f(x)) = h(x), To xo3puLyeHT pH (x — a) B ITOM BbIPaXKEHUN FAET
h'(a) =g (fla))f (a).

Takum obpasom, nMeeM crenyouyio Gopmyny:

[Ipoussognas caoxnou pynkuun

W (z) =g (f(z)) f'(z). (2.8)

@) nPoV3BOAHAS OPEPATHOM @YHKUMM )

Vicnonb3yeM monydeHHywo Bbille GOpMyMy, YTOObI HAaiTU MPOU3BORHYIO (GYHKLMK
x = g(y), obpatHoit PpyHKLMY ¥ = f(X).

Taxk kak x = g(f(x)) pns moboro x, auddepeHLpoBaHIe 06eUX YaCTell ITOTO BbIpaxke-
HUA TAET

1=g'(f(x)) f'(x).

[Ipeo6pa3sys 310 BeIpa)keHMe, HONyYaeM CIeAYIoLLyIo GopMyy:

[Ipoussoanas o6parnon dpyukuuu

2.7. MPOU3BOAHAS CAOXHOW PYHKLMM




@) POPMYAbI AAS AUPPEPEHLIMPOBAHNS

Dyukyusa Mopmyara KommeHTapnﬁ
YMHOXeHMe (aftx))" = af "(x) KoncranTta MoxeT 6b1Th BoIHece-
Ha KOHCTaHTY Ha 32 3HaK IIPOM3BORHOIL.

x" (cTenenn) (x") =nx""! [oxasarenn creneny GyHKIUN
CTaHOBUTCSA K03 uImeHTOM
TNpY IPOU3BOLHOI, T0KA3aTeNb
CTelneHy MPOM3BOJHOI! MOHMKa-
ercaHa l.

Cymma (fix) +g(x) =f(x) +g'(x)  IIpomsBogHas CyMMbl — CyMMa
IIPOM3BOJHBIX.

ITpoussenenne (flix)glx) = IIpousBopHas mpou3BefeHNA —

= f'(x)g(x) + flx)g ' (x) CyMMa Iipou3sBefieHuit GyHKIMM

Ha TIPOM3BOAHYIO APYTroit GpyHK-
107178

Yactroe ( gx) ) g (fix) - g(x)f (x) 3naMeHaTenb BO3BOSUTCA B KBa-

flx)? flx)? Apart. Yucnurenp — pasHOCTD

npousBefeHuit pyHKIMY Ha po-
M3BOJHYIO IPYTOif GYHKLVM.

CnoxHbsie (g(flx)) = g’ (flx))f (x) IIpousBonHas CNOXHOI QYHK-

byHKIMM LM — TIPOU3BETICHIE TPOUIBO-
IHbIX BHEUIHEN U BHYTPEeHHEN
¢yHKIMIL.

O6parHsbie ‘() = 1 IIpousBopnas o6paTHolt yHK-

byHKIMH g0 = flx) 1mu o6paTHa MPOU3BORHON MC-
KOMOJ PYHKIIMIL.

X) YOPAXHEHMI KTAABEZ )

1. Ina HaTypanbHOTO 1 HATV MpOU3BORHYIO f'(x) mis

2. Boramermmts skcTpeMyMsi f(x) = x 3_12x.
3. Haittu mpousBsopHyo f'(x) ans fix) = (1 - x)>.
4. BBIYMCINTD MaKCMMAbHOE 3HadeH e g(x) = x}1-x)’B nHTepBane 0 < x < 1.

FAABA 2. W3YYAEM NPUEMbI AUPPEPEHLIMPOBAHMS!







3U, 8bl HUTAAU
CTATbHO
8 CEMFOAHSWHEM
HOMEPE?

KAKYHO
CTATbtO?

8OT 3TY.

e€ AsTOP —
ACMUPAHT MOEFO
YHUBEPCUTETA!

NPAGUTEALCTRO
PLUHAHCUPYET
NOAOEHbIE
LUCCAEAORAHUG,
HAMPABAEHHDIE MPOTUR \
FAOEBAALHOIO \
NOTEMAEHUS.

3TO 3AMEUATEABHO!

HAW
YHUBEPCUTET
CUAEH
8 HAYKE.

FAABA 3. MHTErPUPYEM PYHKUUK!




CHUTAETCG, UTO
neudUHOU
FAOBAABHOIO
NOTENAEHUG
ABAGETCS ALOKCUA
YFAEPOAA (COy).

Terno

b o

B~ Er0 OTHOCAT K
NAPHUKOBbIM A3AM,
KOTOPbIE HE AAMOT
TEMNAOROMY UBAYHEHUIIO
NOKUAATb 3EMHYO
ATMOCSPEPY U TEM CAMbBIM
COXPAHGIOT TEMAO 3EMAU.

8 Termo

ECAU TENAOBOE
U3AYUEHUE HE MOXET
NOKUHYTb ATMOCSPEPY,

3EMAG CTAHOBUTCG
CAUWKOM TENAOU,

UTO nPUBOAUT

K AHOMAABHOU
NOroAE.

ITOT ACNUPAHT
NPOAHAAU3UPOBAA
BAUGHUE BETPA
HA TEMMNEPATYPY.

OH MPEAAOXUA
1 OrPAHUMUTDL
i | CTPOUTEALCTBO
| KPYIHDIX 3AAHUL
- yﬂ ariaall| HA NYTU BETPA.
~ v A 1
MOXOXE, OH MOAAFAET Al
UTO ECAU GETEP BYAET Oi;ggf:é‘“igsg‘*’“o HO KAXADIU
EECMIPENGTCTREHHO AYTb pethitiad AOAXEH
8AOAb PEK U MOPCKUX L NOMbITATLCS

NOBEPEXUL, NOBLIWEHUE
3EMHOU TEMMEPATYPDI
3AMEAAUTCS.

CAEAATD 2TO.

r 8blsPOCHI CO,.

2.10. YMPAXHEHUS K FAABE 2




C UETO 8bl 839AU,
HUTO KOAUMECTBO
€O, 8 BO3AYXE
800BUE

803P0CAO?

YXMBEINKA

O, HET, ONaTb
AUPPEPEH-
ULUPOBAHUE?

HET, HA 3TOT PA3
UHTEMPUPOBAHUE,
HO 3TO TOXE
OMNEPAULIG HAA
PYHKUUGMU,

WHTerpupoBaHue

A\

|

UHTEMPUPOBAHUE
NO380OAUT HAM
HAUTU OBIWEE

KOAUHECTBO €O,

8 BO3AYXE.

ECAU Mbl Y3HAEM
OsWEE KOAUYECTBO
CO, 8 8O3AYXE, TO

CMOXEM PACCHUTATDL
CAEAYHOWUE BEWU.

1. BnusiHue CO, Ha rno6ankHoe
noTenneHue.

2. Konuyectso CO, B Bo3nyxe,
06YCnoBEHHO. YeNoBeYecKUM
(aKTOpOM, HaTIPUMEp BLIXNOTIHbIE
rasbl MalWnH ¥ 0TX0AkI
TIPOMBILINEHHOCTH.

HO OMPEAEAEHUE
OBWErO KOAUHECTEA
€O, — TPYAHAG
3AAAUA,

FAABA 3. MHTETPUPYEM PYHKLIMU!




ECAU BbI zonuen—
TPALILG CO, 8 BO3AYXE
BbIAA PACTIPEAEAEHA PAGHO
MEPHO, Mbl MOIAU Bbl PAC
CHUTATb OBWEE KOAUHE-

CT80 CO,, YMHOXUB KOH-
UEHTPALULIKO €O, HA OBWUL
OB bEM BO3AYXA.

HO KOHUEHTPALLG
€O, PABALMHA
8 PA3HbIX MECTAX
U U3MEHIETCS
MOCTENEHHO
U HEMPEPDIGHO.

AABAU MOAYMAEM, V
KAK Mbl MOXEM XOPOWO. AAgAL
PACCHUTATD OBWEE LUCNOAB3YEM
KOAUHECTBO APArouEHHblL’I
MPU HENPEPDLIBHOM CETHO* pyTOWU!
U3MEHEHUU
KOHUEHTPAUUU, KAK O, HeT!

8 HAWEM CAYHAE. / n..NOYEMY?

OX... 8bl HE
MOrAU &bl
MPUAYMATb
MPLMEP
NOAEMUE?

g

* Kpenkuid ankoronbHbIi HanUToOK.

3TO AAQ OBYHEHUSG
HOPUKO.

3AHEM Tbl AEPXUWD

EFO 8 OPUCE.?

HET/ OH “TbICGUEAETHEU
BbIAEPXKLU”, OYEHD
PEAKUL, U3BECTHDIU
CETIO U3 CAHAA-HO. MOXET &blTb,

NnO23TOMY OH

BCEFAA APEMAET.

2.10. YMPAXHEHWS K TAABE 2




Mbl BYAEM
AUTb FOPQUYHO
80AY 8 3TOT

CTAKAH C CETHO.

BhicoTa: 9 CM
Tinowanb OCHOBAHUSA:
20 cM?

9CM

| Copsivas
sopna

AEAO 8 TOM, HTO KOrAA
Mbl AOBABAGEM
ropPaUYO 804AY,

KOHUEHTPAULIG CNUPTA
8BEPXY CTAHOBUTCSG
MEHDbWE, HEM 8HU3Y,

U KOHUEHTPALLG
MEHIETCS
NOCTENEHHO
CB8EPXY 8HU3

TENEPDL BbIPA3UM
KOHUEHTPALLIKO CETIO
HA 8bICOTE x CM
OT AHA, UCMOAL3YQ
PYHKUUIO p(x)

8 [/CM3.

TAABA 3. MHTEFPUPYEM PYHKUUK!




4+ Konuentpanus p(x)

v

TENEPb, HOPUKO, CKAXU
KAKOE KOAUHECTBO
CrUPTA 8 MPAMMAX

COAEPXUTCG 8 2TOM

nycto p(x)
BbIPAXAETCS
8 BUAE

p(x)=(x+ )%

3 HE MOry
8blHUCAUTD
3TO TAK
EbICTPO.

CETIO C ropPque
20A0UP

War 1. Korna KOHUEHTPAUMA TOCTOSAHHA

ECAU KOHUEHTPAULIG PABHA

O,1 [/CM3, KAK MOKA3AHO
HA FPAPUKE, Mbl AOAXHDI

p(x) YMHOXUTb KOHUEHTPALILIFO
HA 8bICOTY U NAOWAAL
ECAU KOHUEH- OCHOBAHUS:
TPAUUS NOCTOGHHA) 0,1 x9%x20=18r,
3TO NPOCTO. OBIEE 3TO U ECTb KOAUHECTRO
KOAULECTRO CruUPTA CNUPTA 8 CTAKAHE.
PABHO MPOU3BEAE- f 0,1 ;
HUKO NAOTHOCTU g
U 3AHUMAEMOrO : >
CrUPTOM OBBEMA 9 X
EMKOCTU,
BEPHO! HO UTOEbI
NMOAYUUTb OBBEM, Mbl
HO BEAb 0,1 X 9 — p(x) AOAXHbDI EWE YMHOXUTD
3TO NAOWAAb 8blCOTY Xx HA nAOIMAZAb
3AWTPUXOBAHHOU OCHOBAHUG 20 CM”.
HACTU MPAPUKA? 5‘\\
0,1
9 X
31. HAMAEM KOHLEHTPAUMIO CMIUPTA




TENEPL NPEACTABUM
CTAKAH, 8 KOTOPOM
KOHUEHTPAULIG CMUPTA
LBMEHGETCS
CTYNEHUATO..

~KAK
NPEACTABAEHO
HA 3TOM
FPAPLKE,
K MPUMEPY.

Konuenrpamusa p(x)

0,39

0,2

0.1

A

MOYEMY &bl
TEEE

HE PACCHUTATD

3TO, HOPUKO?

AAAHO, 3TO NPOCTO.
NOACHUTAEM
KOAUHECTRO CMUPTA
HA KAXAOU
CTYNEHDKE, YUUTDIGAS,
UTO NAOWAAL
OCHOBAHUG 20 CM>..

=(0,3%x2+0,2x4+0,1 x3)x20=34.

TAK... MOAYHUAOCD

Mr

0,3x2%x20 + 02x4x20 +

2

i

i

0,1 x3x20

Ki

FAABA 3. MHTErPUPYEM PYHKLUM!




OTBET
34 FPAMMA,
TAK?

BEPHO.

lWar 3. Korpa KOHUEHTpauusa MEHAETCHA MOCTEMeHHO

A UTO Tbl BYAELWD
AEAATD, ECAU
KOHUEHTPALLIG
PO MEHIETCS
MOCTENEHHO?

KouuenTtpanus p(x)

YXAC,
KAK CAOXHO!

80086WE-TO,
3TO COBCEM
HE CAOXHO.
cMOTPU/

MOHATHO. Mbl MOXEM
HAUATb C NPEACTABAE-
HUG PYHKUUU 8 BUAE
CTYNEHEK U PACCHUTATD,
UCnoAb3lyg TOT XE
CnocoOs, UTO U HA
8TOPOM WATE.

)

Xo| X X3 X3 X4 X5 Xg

3.1.

HAMAEM KOHUEHTPALMIO CMIUPTA




BEPHO! OTMETUM
HA OCU X TOUKU
xOI Xu le vy x6""

Mexny xo ¥ x| KOHLIEHTpaLuA
TIIOCTOSIHHA U paBHa p(x;).
Mexgy x| ¥ X, KOHLEHTpaLys
TNIOCTOSIHHA M paBHa p(xy).
Mexngy x, ¥ X; KOHIIEHTpaLuA
MOCTOSIHHA M paBHa p(x,).

U MPEACTABUM p(x)
8 BUAE CTYNEHUATOU
PYHKULL,

BbIULUCAEHUE
KOAUHECTBA CNUPTA
€ NOMOUbLO 3TOU

CTYNEHUATOU PYHKLUUL
AACT HAM
NPUBALKEHHOE
3HAUEHUE KOAUYECTBA
CruUPTA.

HEM s8OAbUWE
CTYNEHEK, TEM
TOUHEE. AA?P

plxo) X (x; = xp) x 20
plxy) X (2= x;) x 20
P(xz) X (x3— x3) x 20
P(xs) X (x4 = %3) X 20
Plxg) X (x5— x4) X 20

L plxs) X (x6— x5) X 20

[Ipubnmxénnoe
3HaYeHMe KON4ecTBa
cnupTa

BEPHO. 3AKPAWEHHAG
OBAACTDb CTYNEHHUATOU
PYHKUUL — CYMMA

STUX BbIPAXEHUL

(HO BE3 YHUETA
nAOWAAU OCHO-
8AHUG 20 cMD).

FAABA 3. UHTETPUPYEM PYHKLIMM!



U ECAU Mbl CAEAAEM

AA, 3T0 TAK,
U:Ti%@‘\é‘b' gAN-:’E,L\'::‘*A:'ug HO 27O Tbl AOAXHA BYAEWD
BECKOHEHH ' HEPEAABHO. AOBABAGTb BECKOHEUHOE

TO MOAYHUM TOHHOE
KOAUHECTBO CnUPTA,
TAK BEADL?

HUCAO BECKOHEHHO MAAbIX
HACTEL.

NOCMOTPU HA 3TO N /
BbIPANEHUE,
OHO TESE HUUETO

HE HAMOMUHAET?

Plxs) X (x4~ x3)

/7 N\

OHO MOXOXE HA
NPEACTABAEHLE
8 BUAE AUHELUHOU
PYHKUUL!

3.1. HAWAEM KOHUEHTPALMIO CMIMPTA




IycTs f'(x) — npousBonHas gpynkuuu f{x). Torna B6/mM3M x = a
fix) =f'(a) (x - a) + fla).
Ilepenocs f(a) BneBo, nomy4aeM
fix) - fla) = f(a) (x - a), (1)

TO €CTb

PasHocts f(x) = [IpousBopnas f(x) x PasHocTb x.

[Ipennonoxmum, YTo pasHOCTb MEX/AY COCEAHMMM NOCNEAOBATENbHbIMU 3HAYEHNAMM X,
X1 X2, X35 ... » Xg FOCTATOYHO MaJIa, TakK YTO X; CTPEMUTCA K X, X, CTPEMUTCA K X;, ¥ TaK AaJee.
BBezém Takyke HOBYIO QYHKIMIO q(X), TPOM3BOJHAS KOTOPOI paBHA p(x):

q'(x) = p(x).
IToncraBnsas B (1) g(x) BMecTo f(x), Homy4aem:

PasHocTs q(x) = [IpousBopHasn q(x) x PasHocTb x
q(x1) — q(xo) = p(xp) (%1 = %)
q(x) = q(x;) = p(xy) (x2 _.xl)

CyMMa npaBbIX CTOPOH 3TMX BbIpa)XKeHMIi paBHA CyMMe JIEBbIX CTOPOH, IIpY 3TOM BO Bpe-
M5 CyMMUPOBaHMsA HEKOTOPbIE YIEHbI B3aMMOYHUYTOXKAIOTCA: ‘

N&g = p(xo) (x1 = %)
% = p(x) (x, — x1)
= p(xy) (x3 — x3)

% = p(x3) (x4 — X3)
% = plxg) (x5 = x4)
T q(xe) Sgig) = plxs) (x5 — xs)

q(xe) — q(xp) =~ CyMMa IpaBbIX CTOPOH

+ + + +

IIponsBopsa NOACTaHOBKY Xg = 9 1 xo = 0, MbI IOy 4NM:

[IpubmmkéHHOE KOMMYECTBO CIMPTA =
= CyMMa npaBbIX CTOPOH X 20 =

= {q(x6) — q(x0)} x 20 =

=1{4(9) - q(0)} x 20.

TAABA 3. MHTETPUPYEM PYHKLUM!




liar 5. OT TpUMBNMXXEHUA K TOUHOMY 3HaYeHHI0

NOAYHEHHYO HAMU TIpubnMMEHHOE KOTMYECTBO criupra (+20),

. . 0 9) - ¢(0
C;%b ME)‘;AY BbIpakeHHOE CTyIleHYaroil GpyHKumeir: (gén)a*azi(n)t)
BbIPANXEHUIMU ‘ , =
MOXHO NPEA- P(xo) (xl = xO) +P(xl) (‘xZ xl) +..
CTABUTb 8 BUAE
CXEMbI. 1 0
Tounoe konuuecTBo cupra (+20)
ECAU TENEPb Mbl BYAEM .TO ceazb ©

YBEAUHUBATb KOAUHECTBO | U3 “nePUsAUXEHUG”

TOMEK Xg, X1, X, X3, o NPEBPATUTCS

CTPEMGCb 8 “PABEHCTRO".
K BECKOHEUHOCTU..,

HO, TAK KAK CYMMA : ‘
CTYNEHEK BCEFAA PABHA Cymma p(x) (- x) mpn _ 409) - 9(0)
koHCTAHTE q(9) — ¢(0).. 6eCKOHEYHOM KONMUYECTBE X;

TouHoe xommuecTBo cnupTa (+20)

AUATPAMMA
MPUMET 80T
TAKOU 8UA*

* Ha cTp. 94 npuBenéH CTPOruii BLIBOA 3TOFO MONOXKEHWSA.

3.4. HAWAEM KOHUEHTPALMIO CTIMPTA




TENEPb, HOPLIKO,
MnOCMOTPUM
HA CAEAYHOUEE
BbIPAXEHLUE,

Iyctb q(x) = -

b

x+1
Torga q'(x) = - (7%-—1? = p(x).

B maremaruke,
ecnu p(x) — npousBopHas q(x),
TO q(x) Ha3bIBAIOT nePe0obpasHoii p(x).

TAK 3TA q(x)
u ectb
PYHKUUG,
KOTOPYHO Mbl
UCKAAU,

KomuuecrBo cnimpta = {g(9) — q(0)} x 20 =

2 2
= |- - 2 = :
{ 9+1 ( 0+1)}X 0=36r

KOAUHECTBO CnupTA
8 CTAKAHE CMECU
CETIO C rOPQUEU

80A0U COCTABAGET

8 OsWEM 36 I

AA-A-A. Y HAC
OUEHb KPENKUL
HANUTOK,

TAK KAK CYMMY
80ALWOrroO HUCAA
CAAMAEMDIX

O4EHDb AOArO
3ANUCHIBATD,
Q9 NOKAXY TEBE EE
OBO3HAHEHUE,

TAABA 3. UHTETPUPYEM PYHKLMU!




E¥) OCHOBHAS TEOPEMA MHTEMPMPOBAHUS

BbIPAXEHUE
BBEPXY...

P(’lo)(xv - 10)* P(L)(lz' 1: t+-- 1 P(ZS)(Z" 15)

HO 4TO
TAKOE A?

NMPUPAWEHLUS,

oro, Tak
rOPA3AO
NPOWE
3AMUCATL
CAEAYHOULM
OBPA3OM
A CAENDTA) — A UTO
3TO MPEUECKAS HACUET
BYKBA, KOTOPAG 5 >
UCMOAb3YETCS aenbta
ANAS OBO3HAHEHUG

HAMPUMERP,
Ax 8bIPAXAET PACCTOGHUE
AO CAEAYHOWEU TOUKU,
APYFUMU CAOBAMU, 3TO
(x1 - xO> UAU (x2 - x1>.

3.2. OCHOBHAS TEOPEMA UHTErPMPOBAHUS




CUMBOA ¥ (CUrMA)
UCMNOAD3YETCA ANG
OBO3HAHEHUG CYMMbI.
3AnUCb

X=Xg Xy oer Xg
BbIPAXAET OMEPALLIKO
CYMMUPOBAHUG
oT x0=0 AO X5 = 9.

HAMPUMEP,
HOPLIKO, UTO
O3HAHAET 3ArMUCb

Y px) Ax
X = Xgy Xy eer Xg
?

OHA O3HAHAET CYMMY
NPOL3BEAEHUL 3HAHEHUG p 8
TOHUKE x;HA PACCTOGHUE OT X;
AO NPEAbIAYWEL TOHKU,

AA, 3TO U ECTb
YPABHEHUE,
KOTOPOE Mbl
BUAEAU BBEPXY
CTPAHUUDI 84,

UTOBbI CAEAATD
3AMUCH EWE BOAEE
YAOEBHOU, &blA
BREAEH EWE OAUH
CUMBOA.

EFO MOXHO MOAYHUTD,
PACTArUBAG CUMBOA
CYMMUPOBAHUG
KOHEUHOMO HUCAA
PA3BUEHUL,

U UCMOAb3YETCS OH
neuU NEPEXOAE
K CYMMUPOBAHUIO
BECKOHEUHOIO HLUCAA

PA3BLEHULL

FAABA 3. UHTETPUPYEM PYHKUMM!

KAK 3T0 —

CElHAC
yeuAuwb...

YX Tbl!




9

P(x)dz

P(Z)Al - :P(Z)A% -

0

9 PACTArLGAIO T,
UTOBbI MOAYHUTD
3HAK [, U..

3AMEHGLO
AHA d

BbIPAXEHUE (3) HA PUCYHKE
CAEBA O3HAHAET CYMMUPOBAHUE
neu PA3sUEHUU HA BECKOHEUHO

MAAbIE UHTEPBAADLI U PABHO
NAOWAAL MEXAY KPUBOU

9
[p@)dx (3)

0

U OCbtO X.
T p(x) 3TO BbIPAXEHUE
: s HA3bIBAFOT
0 9 X ONPEAEAEHHDIM
UHTEMPAAOM.
ECAU Mbl 3HAEM, .TO AEMKO MOXEM 8blHLICAUTL
HTO p(x> — 37O CYMMY, BEPHO?

MPOL3BOAHAG
OT gCx..

N
b A
< fa pxydx= Yy  px)Ax >
Ocraércs HaitTn Takoe g(x), 4T0obbI q'(X) = p(x),
Y BBIYUCTTATD f“ bp(x)dx =q(b) - q(a).
a b
= OCHOBHas TeOpema uHTerpupoBaHus! 3
J

3.2. OCHOBHAS TEOPEMA UHTEIPUPOBAHUS




Ctporoe obbsAcHEeHMe Wwaras

( N\

8 OBDbICHEHUU, AAHHOM PAHEE HA CTP. 89,
Mbl 833AU 3A OCHOBY B8bIPAXEHUE

q(x)) = q(xo) = plag)(x; — xo).
3TO “rPYsOE” 8bIPAXEHUE, TO ECTb MPY&OE
NPEACTABAEHLIE TOUHOMO BbIPAXEHUG, AAG TEX, KTO
CHUTAET TAKOE OBDBACHEHUE HEAOCTATOUHbIM, MPUBEAEM
BOAEE CTPOIULl 8bIB0A, UCNOAL3YE TEOPEMY O CPEAHEM.

CHaya/1a HaxofiM ¢(x), yEOB/IETBOpsIOLIee
q'(x) = p(x).

3areM Ha OCH X OTMeYaeM TOYKM
xO (= a)) xla X2, X3, ceey xn (= b)

Vicxops M3 TeopeMbl O CpefHeM, HaXOOUM
TOYKY Xg), PACHONOXKEHHYI0O MEXAY Xo U X U
YZOB/IETBOPSIOLLYIO YC/IOBHIO

q(x1) = q(x) = g (xo1) (%1 — Xo).
AHanoTMYHO HAXOAMM TOUKY X, MEX/Y X, U

Xo X3 X X3 Xn-1 Xn

X2, YAOB/IETBOPAIONLYIO YCIOBUIO I 5 I
90 — g() = 9 (1), - ). a  Cymmamnomanes, b
TloBTOpAs 3Ty ONEPALMIO, IONTYYaEM: u306p @KCHHDIX Ha rpaduke
q(x) = q(xo) = q ' (xo1)(x; = xo) = P(xoD)(x1 = xp)
qx) —qx) =  qxpR)p-x) = plxyp)(x, = xy)
+{ qxs)-qlx) = qOp)x-x) = Plx3)(x3 = %)
q(xn) - q(xn—l) = q ,(xn-l n)(xn - xn-l) = p(xn—l n)(xn - xn~1)
i Hpubmmxenroe
) = qlo) - < Bcerna PaBHH 3HaYeHMe IIOMmAny
| Ilepexop k 6ecKOHEIHO v
MabIM OTPe3KaM
e . TouHoe 3HaueHNEe : '
q(b) - q(a) ¢ Pasun > S I noH

FAABA 3. UHTETPUPYEM PYHKLIMM!




E) NTPUMEHEHUE POPMYA MHTE PHPOBAHMS )

b c c
f fx)ds + f fode = [ foo. (31)
a b a
VIHTepBanb ONIpeNeNIEHHBIX MHTETPAJIOB OfIHOI GYHKIIMI MOXHO O6bEIMHNTD.
b b b
f 0 + g = [ feode+ [ gl (32)
a a a
OnpenienéHHbIi MHTETPa/ CyMMb MOKHO 3aMEHUTDb Ha CyMMY OTIPeeNEHHbIX
MHTeI‘paHOB.
b b
f af(x)dx = a f flx)dx. (3.3)
a a
ITocTosAHHBI MHOXUTEND MOXXHO BbIHECTH 3a 3HAK Onpenenéﬂﬂoro MHTerPaHa.

Huoxe npuseneHb! pUCYHKY, TO3BONAIOLINE NOHATH Gpopmysl (3.1), (3.2) u (3.3):
(3.1) 1

AN
(>
a
_
A
o

a b c
[Tnowazp nox
dynkumeit ¢ Tnowans nox

(3.2) dynkumei f

(3.3)

YMHOXeHMe
N/IOLA/M Ha O

3.3. NPUMEHEHUE POPMYA UHTErPUPOBAHUS




3TO O8bHICHEHUE
EbIAO HEMHOIO

80T Mbl YTNPOWEHHBIM,
U 3AKOHHUALY/ HO Tbl BEAb EMO
PYTOWU, NMOHGAA?

EYAEWb CETIO?

I AAXE
MOryY nouye-
CTB8OBATb
ErO! YX..

B00BUWE-TO
3TO sblA MOU
CETIO..

AL, G KAK PA3
B8CMOMHUA 3AAAHUE
AAG TEEQ. NOUAEM
8 UUTAABHDBIU 3AA?

FAABA 3. UHTEFPUPYEM PYHKUMM!



HOPUKO, NMOMHIO, OKOAO FOAA
HA3AA [PYMNA UCCAEAOBATEAEU
U3 TEXHUHECKOIO KOAAEAXA
“CAHAA" U3YUAAA MAPAMETPDI
8034YWHbIX NOTOKOS, HTOEbI
YUUTbIBATb UX nPU CTPOUTEAbBCTBE
3AAMHUL. NOCMOTPU, KAK UX
UCCAEAOBAHUE MPOABUHYAOCH
C TEX noeP?

NO4YEMY OHU
CTPEMATCA
U3sABUTLCSG
OT MEHQ!?

KAKEPY C2KU..
0-0-0! 270
CTATbG, KOTOPYHO
HANUCAA C2KU-CAH,

O HEM
OoHA?

3.3. NPUMEHEHUE POPMYA UHTEIPUPOBAHUS
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TS N
. LALE L
\ \\“ \\\ \\\ )
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“BEPHEM”.. OALH
U3 CnoHcoroe
“ACAMAKD TAUMC”,

CIKU-CAH HAMUCAA
CTATBHO, OBBUHIOWYHO
U3 BCEX KOMMAHUL
FrOHUU UMEHHO
KOMIMAHULO HAWEFO
KPYNHEUWETO
PEKAAMOAATEASG,

80T NOHYEMY EFO
CtOAA NEPEBEAU.

FAABA 3. MHTErPUPYEM PYHKLMU!




Tbl UTO-HUBYAD
HAWAA?

HET.. 2M.. OHU
MPEAAACAAU
UHTEPECHDIE UAEL,

HAMPUMEP TAKUE, KAK
KOHCTPYUPOBAHUE 3AAHULI,
4 HAMPABAGIOWUX NMOTOKU
BO3AYXA C UEABIO
YMEHDWEHUG IPPEKTA
TENAOBOIO KYNOAA, TAK
KAK FOPOACKUE PALIOHDI
3AAEPXKUBAIOT EOAbWE
TENAA, HEM CEAbCKUE,

O, 31O
XOPOWO.

UTO X, KAKOU Tun
APXUTEKTYPbI OHU
UCnoAb3Y+OT?

NnoO3gOHUWb UM?

XOPOWO, 9. @ CELMAC ) no38OHLILE, UM

no380OHIO UM U cnPOwy
O 3TOM. OBEUWALO.

3.3. NMPUMEHEHUE POPMYA UHTETPUPOBAHUS




3ABYAb O 380OHKAX!
Tbl NUWEWL CTATBU,
TAK HTO UCMOAb3YU
80U HOru!

uau u 803bmu
Y HUX UHTEPBLIO!

U 3A04HO NMPOBEPDL,
MOXHO AU UX TEOPULO
3AMNUCATb, UCNOAL3YS
YPABHEHUG/!

A
Y

AA, CIKU-CAH!
YXE ©BETY.

i
i

TAABA 3. UHTETPUPYEM PYHKLIMU!




€X') NPMMEHEHWE OCHOBHOW TEOPEMbI UHTErPUPOBAHMS )

TOUHO! FOBOPAT,
HTO 8 3KOHOMUKE
NEPECEHEHUE KPUBDIX
cneoca U
NPEAAOXEHUS...

KOHEUHO,
CAMA UAEG
MHE
MOHGTHA,

HO 32TO
HE O3HAUAET,
HTO TOProgAg
nePouU3BOAUTCS
8 TOYKE UX
NEPECEUEHUG.

.TAK 8bl FOBOPUTE
O cnpPoOcCe

U NPEAAOXEHUU,
2

~ONPEAEAFET
KOAUHECTBO
nPOU380AUMbIX
TOBAPOB U UX UEHY.

rno NPABAE rO8OPq,
OBCAY XUBAHUE
OBUWECTBA BYAET
HAUAYHWUM, ECAU
TOPrOBAG BYAET
YAOBAETBOPITH
STOMY UAEAALHOMY } !

YCAOBLIO. 7/ orm
i peHunan 1

AA, CELMAC G
AOKAXY 3TO
C NOMOUWbtO
OCHOBHOU
TEOPEMDI
UHTEMPUPOBAHUG.

NPUMEHEHWE OCHOBHOV TEOPEMb! MHTET PUPOBAHUS




KpuBas npeanoxXeHus

PUsbIAU HA ABCOAFOTHO KOHKYPEHTHOM PbIHKE.

CHAHAAA PACCMOTPUM, KAK KOMMAHUL AOCTUMAKOT MAKCUMAABHOLU
3A0AHO NMOAYHUM KPUBYHO MPEAAONXEHUS.

[Ipubsirp P(x) npy mMpou3BOACTBE X €NMHMI] TOBapa 3afaéTcs
crenylolweit GyHKumeit:

P (x) = p X x - C(x)

Mpw6wms ~ Lena  Komrsectso  CeGecrommocts
E : CAVMHULBI HpORYKIMN ‘NIpOU3BOAICTBA

O603HauNM 3HaYeHMe KOMUYECTBA IPOAYKIIMY X, IPU KOTOPOM
JOCTUTaeTCA MaKCMMYM npubbinu P(x), yepes xs.

Kommanusa xodeT BocTM4b MaKCHManbHOM mpu6bimu. Bemom-
HUM, 4TO /IS HAaXOXMEHMA IKCTpeMyMa QYHKLMM e€ IpOM3BO-
IHYIO HaJio IPMPABHATD K HY/M0. To ecTb MakcuManbHas npu6bIIb
KOMITAHMM JOCTHUTAeTCA IPU

P’(Xs) =p- C'(xs) =0.

MPAPUK PYHKUUU p = C’(x) , COOTBETCTRYIOWEL MAKCUMAABHOU
NPUBbIAU, HA3DIBAETCS KPUBOL MPEAAOXEHUQ!

p (uena)
~ p - Cl(xs)
P 1 y, A
(2]
(1)
5 > X (ONITUMAJIBHBI 06BEM MIPORYKLIMM KOMITAaHUM)
Xs1

HA MPAPUKE 8 TOUKE A UEHA PABHA p;. 3TOU LEHE
COOTBETCTEYET ONTUMAADHOU OBDEM MPOAYKULU Xg;.

FAABA 3. MHTErPUPYEM PYHKUMU!




[Tnomaap NpsAMOyronbHMKA, OTPaHNYEHHOTO TOUKaMH (p;, A, Xs;, 0), paBHa pou3-
BeJICHMIO LieHbI Ha KOMMYeCTBO M3TOTOB/IEHHOI M NpofaHHoi npoaykuuu. OHa paBHa
o6111eMy JoX0fy KOMIIaHUM, 10 BblueTa 3aTpaT Ha mpoussozcTBo. Ho us rpaduxka Bua-
HO, YTO TIouazb o6mactu @ Kak pa3 ¥ COOTBETCTBYET IPOU3BOACTBEHHBIM 3aTPaTaM,
VI MBI MOXXEM €€ BbIYMCIINTD, UCTIONb3ys MHTETPUPOBAHYE:

f S’C "(x5)dxs = C (x5,) = C (0) = C (xg;) = CebecToMmocTb.
0

IIpumMensem ocHOBHYIO Ins ynpomenus
TeopeMY MUHTETPUPOBAHNUS cuntaem C(0) =0

Temepb MOXXHO /IETKO Haif TV IPUOBIIb KOMIIAHUM, PaBHYIO ITOLIaAy obnacTy @ Ha
rpacduke, BbIYTS U3 IVIOLIA[M TPAMOYTONBbHUKA (py, A, Xg;, 0) mnomagp obmacty ©.

KpuBag cnipoca

Teneps HaltIéM MaKCHMA/bHYIO BBITOAY IIOKYIIKM [i1s IOTpebuTene.
Berrona B(x), momyyaemas noTpe6uTensaMu Ipy MOKYIKe X eAMHMI] TOBApa, 3a4aET-
CAl CTIeyIOIMM BbIpa)kKeHyeM

B(r) = - u® - p X x’
ITena Komuuectso
Bbiropia Obmye pacxopet o IPORYKIMH

rie GyHKIMA u (xX) OMUCHIBAET CYMMApHYIO BeTMYMHY MaKCYMaIbHbIX PaCXOfIOB, KO-
TOpble TOTOBBI IIOHECTH NMOTPeOUTENN ITPM MIOKYIIKe TOBapa, CyMMapHOe KOIM4EeCTBO
KOTOPOTO PaBHO X.
Bonbiue Bcero ToBapa norpebureny Kynar Ipu MakKCMManbHOM 3HaueHuu B (x).
Yr06b1 HaliTV ONTHMATIBHOE KOMYECTBO TOBApa Xp, IPU MOKYIIKE KOTOPOTo OyAeT
JOCTUTaTbCA MAKCUMATbHASA BBITOJIA, HAZIO PELINTD CIefyIoliee ypaBHEeHNe:

FPASPUK PYHKUUU p = u(Xp),
HA3bIBAETCS
KPUBOL CnPOCA.

B'(xg) =u’'(xg) —p=0.

3.4. NPUMEHEHWE OCHOBHOW TEOPEMb! MHTEMPUPOBAHUS




> xp (ONTMMabHbIE PaCXOMbI)

0 XRg1

PaccmoTpum nomazs npamMoyronsHuka ©. OHa paBHa IPOU3BEIEHMIO LIEHBI U KO-
MIMYECTBA KYTJICHHBIX TOBAapOB ¥ IPECTAB/IAET CO60i 06IIIYI0 CTOMMOCTb KYIIEHHBIX
NOTpe6UTENSAMM TOBAPOB.

CymmapHylo miomanb obmacreit © 1 @ MOXXHO BBIYMCIUTD, IPUMEHNB MHTETPU-
poBaHue:

f I“u'(xB)de = u(xp,) — u(0) = u(xp) = ObuIMe pacxonbi.
0

ITpumenseM ocHOBHYIO s
Jnsa ynpomenus cautaeM 4(0) = 0
TeopeMy MHTETPUPOBAHNA : . /
Teneps MbI MOXXeM HaitTy oAb @, COOTBETCTBYIOILYIO BBITOJiE /IS IOTpebuTe-
Teif, BBIYTS T/IOL[ab NPSAMOYTonbHMKA © U3 M0NydeHHOro 3HaYeHNs uHTerpana ot 0
A0 Xp;-

8bir0AA AAG NOTPEBUTEAEL (OB~
AACTb ©) PABHA PA3HOCTU MEXAY
MAKCUMAABHO MPUEMAEMBIM

ANG MOTPEBUTEAEL 3HAUEHUEM AA. AABAU TENEPH
PACXOAOB U PEAABHOL ONAATOL OBDEALHUM KPLBbIE
3A TORAPbI (OBAACTL @), TAK? NPEAAOXEHUG

U CrPOCA.

FAABA 3. MHTETPUPYEM PYHKUUM!




p(uena)

MOXHO CKA3ATb, UTO CYMMA npPUsblAU

KOMMAHUL U BbIFOAA AAS MOTPESUTEAEL . Og’;g‘:ﬁin eii / Kpusas
KOTOPOU HA PLUCYHKE COOTRETCTRYET .
3AKPAWEHHAG OBAACTD. ’
/ be F5 _ Kpupas
o ! cnpoca
: [Ipu6sinp

KOMITaHUI

>

X, Komuuectso

HO UTO BYAET, ECAU UEHA TOBAPA
UAU EFO KOAUHECTBO HE BYAYT
COOTBETCTBOBATDL TOUKE
NEPECEUEHUG EP

OBUWAG 8bIFOAA AAG OSWECTBA YMEHD-
WUTCS HA 3HAUEHUE, COOTBETCTRYHOWEE
nyCcTOU NAOWAAU HA MPASPLIKE,

/ .

IToTepyu BbIrofs!
IJ1s obuecTBa

A4

Tbl MOHIAA  AYMALO, TEBE
270? CTOUT HANUCATb
CTATbIO

O CcKOPOCTU

U NAAAROWUX

TEAAX.

AA, @ TOXE sY4AY

y UCNOAb308ATL 8
CBOUX PEMOPTAXAX
UHTErPUPOBAHLUE,

?” srepEAl!!
UHTEMPUPOBAHUE —

3TO KAEBO!

3.4. NPUMEHEHUE OCHOBHOW TEOPEMb! UHTEMPUPOBAHUS




Haw pemroptép coofuaert:
WUHTEerpan cKOpocTH — 3T0

paccrosiHue!

YcBouB 3ty gopmyny, MBI CMOXeM IIpa-
BU/IBHO HaXOJUTb MYTb, IPOIEHHbIN 06D~
€KTOM, CKOPOCTb KOTOPOTO HETIPEPBIBHO U3-
MeHseTcA. [lapajiTe MpoBepUM, Tak 1M 3TO?
Ham MHOroo6emaomuit Ha4MHAIOWMNIL pe-
noprép Hopuko Xuxuma ybexcpaer Hac B
VICTUHHOCTM 3TOTO YTBEPXXZIEHMA B CBOEM
GecripycTpacTHOM penopTaxe.

Yurarenu, BO3MOXHO, MOMHAT ONMMCAH-
HYyI0 paHee mporynky ®yroum no ABUXY-
mericsa fopoxke. He Bce, HaBepHOe, 3a1I0M-
Humu obpas Bcnorepmero Pyromm, Ho
RO/DKHBI ObUIM 3alIOMHMTH, YTO IPOM3BO-
AHas MYTU — 3TO CKOPOCTb.

y 12 F(x)
A 3
}’2 RO
N
X % X3 > *

Puc. 1. I'paux 3asucumocmu
npotidennozo Pymowsu nymu om épemenu.
On npoxodum mouxu y;, yy, ¥s...

8 MOMEHMbL BDEMEHU X}, X3, X3...

Ha Puc.1 npusenén rpaduk ¢yHKumu
y = F (x), onmucpIBaroweit M3MeHeHMe TOTIOXKe-
HyA 3ambixaBinerocs Oyromm Bo BpeMeH) —
3a X CEKYH/] OH [IepeMeLIaeTCs B TOUKY .

FAABA 3. UHTETPUPYEM PYHKUMUM!

FASETA «BEMEPHUM UHTECPAJI» Ne1

ITpousBopnas F'(x) — 3T0 «MrHOBeHHas
CKOPOCTb» B MOMEHT BpeMeHHU X. 3aMeHsA
F’(x) Ha mpuBbBIYHOe 0603HaUYeHME CKOPO-
CTM U(x) ¥ UCTIONB3ysI OCHOBHYIO TeOpeMY
MHTErpUPOBaHMA, IIONy4aeM PaBeHCTBO:

b
f v(x)dx = F(b) — F(a).

BarnsHem Ha rpaduk v(x) Ha Puc. 2, a,
oTpaXkalomuit u3MeHenune ckopoctu Pyro-
I BO BpeMeHU. 3aKpallleHHasd 4acTb 3TOro
rpa¢uKa paBHa MHTETpaly B JIEBOM 4acTU
Halllero paBeHCTBa. Tenepb, eCriv Mbl IOCMO-
TpuM Ha Puc. 2, 6, To yBUIUM, YTO IPOiiAEH-
Hblif ITyTb, ONpefie/IAEMbIit KaK PasHOCTD I10-
JTIOXXEHU, paBeH 3aKpalleHHoN o6macTy, To
€CTb MHTETpany ckopocTtu!

Cropocmp

\ [Tpoiidennuviil nymo

y=Fe

Puc. 2. I'paduxu ckopocmu u nymu.

OGPaTMM TaK)XX€ BHMMaHKE Ha TO, 4YTO

- TIPOVZIEHHBbIN NYTh YBENMYMBAETCA, KOTAQ

cKopocTb DyTONIN NONIOKNUTENbHA, ¥ YMEHb-
1IaeTcs, KOIZla OTpMIIaTeNbHa (TO eCTb B 9TO
BpeMs QyTommy Bo3Bpaancs).




FA3ETA «BEYEPHUA UHTETPA»

T I e T

Bhim. 1

Crp.2

Cencauus; CesobogHoe
napeHMe Tena c TOKHACKOM

balHu
CKOMNbKO CEKYHR, A0 3eMNu?

.mmmmw...

Mp1 3HaeMm, uTo 6polieHHOe Teno 06s3a-
TeNbHO YNafET Ha 3eMio. [Ipu 3TOM OHO 6y-
IeT YCKOPATHCA MOJ, AeACTBUEM CHUIIBI TIPU-
TAXKEHUA K 3eMIJIe, TO eCTb €0 CKOPOCTh 6y-
ileT TOCTOAHHO MeHATbcA. [lna ommcanus
3TOTrO [BMIKEHUS BOCIIO/Nb3YeMCS MHTErPU-
pOBaHMeEM.

Jins HarmAgHOCTH paccMoTpuM bonee Mac-
WTabHbIl 6POCOK — ¢ camoro Bepxa Tokwuii-
cKoit 6arny. Haitniém, 3a CKObKO CeKYHJ, Teo
JOCTUTHET 3eM/M. [{A 3TOro HaM CoBCeM He
obs3aTenbHO cnepoBath copery Pyroum: «lo-
yeMy 6bl BaM He roiitu Ha TOKMIICKYIO 6aluHIO
C CEKYHTIOMEpOM 1 He M3MEPUTb 3TO BpeMs?»

YBenuyenue cKOpoOCTH NpU CBOOOZHOM
NafleHNy Te/la BbI3BAHO YCKOPEHMEM CBO-
60omHOTO Mafienns, paubM 9,8 M/c2. pyru-

3.4. NMPUMEHEHWUE OCHOBHOW TEOPEMbI MHTEMPUPOBAHMS

MM C/IOBaAMM, CKOPOCTD Te/ia KaXKyI0 CEKYH-
Iy yBenuuuBaercs Ha 9,8 m/c. He 6yaem BbI-
ACHATD, OTKYZa 6epéTCsA MUMEHHO 3TO 3Haye-
HMe, IPOCTO BOCTIONb3yeMCs UM.

Mbl 3HaeM, YTO MHTerpajq CKOpPOCTM —
3TO Pa3HOCTb MOTIOKEHM I (MU TIPOVJIEHHBI
TeIOM ITyTh). Bocronbayemcs 0CHOBHOI! Teo-
PEMOJi MHTETPUPOBAHMA U 3alMIIEM Bbipa-
KeHMe [/ BbIYMCTICHUA PAcCTOAHMA, KOTO-
poe mponeTuT Teno 3a T CeKyHJ, mafeHus:

T
F(T) - F(0) =f0Tv(x)dx=j; 9,8xdx.

nurerpan ot 0 go T paBeH 3aKpallleHHO
nnomasyu Ha Puc. 3, koropas B CBOW0 ode-
peAb paBHa IIONIOBMHE IIpousBefieHNns 9,8t Ha
t, 10 ecTb 0.5 X 9.8f x .

CxopocTb
v(t) = 9,8t

9,8t

[Tnomanp mop,

KpUBOJf CKOPOCTH t Bpems

9,8t x t x L =497

5 4,99

IIpoitpennbI
nyTb

\

Bpemsa

Puc. 3
B pesynbrare nonyyaem:
F(T) - F(0) = 4,9T* - 4,9 x 0* = 4,9T"~.
Tax kak BbicoTa 6aunu Tokuo 333 M, To:
333=4,9T%> T=V333/49=82c.

Teno pocrurner 3emnm yepes 8.2 c.
[Ipn peurenuu Mbl TpeHeOpernu s
IIPOCTOTHI CONPOTUBEHMEM BO3yXa.




FA3ETA «BEYEPHWUA UHTETPAJ»

e e D s S e
Bhim. 1

Ctp.3

He3aaBucuMoe paccneno-
BaHWe HOpMKO XUKUMBI:

Me4eM xocTu!
Ewé onHO TpUMEHeHHe OCHOBHOIA
TeopeMbl HHTErpUPOBaHHKA.

MHorue, HaBepHAKa, UTPaiyu B AETCTBE
B KocTM — Kybuku ¢ nubpamu or 1 go 6.
C naBHMX BpeMeH 3TM KyOMKY ITyTeIecTBO-
Ba/li 1O BCEMY MMPY, He TONbKO IPUHOCA
yAauy B a3apTHBIX UTpPaxX, HO M NpeAcKasbl-
Bas Cynpoy.

C TOYKM 3peHMS MaTeMaTHMKM KOCTM —
9TO KOMITAKTHbIi T€HEpPaTOp CTy4aifHbIX YM-
cen. Bocronpayemcs atum u 6ynem 6pocarb
KOCTH, 4TOOBI elé pa3 mpoBeputb hopmyny
nHTerpuposanus! Ha KocTax MOryT BhInacTh
umdpsl 1, 2, 3, 4, 5 unn 6. BepoaTHOCTD BbI-
nafenus moboit uudps paBHa 1/6, 4To u30-
6paxeHo B Bupie ructrorpaMmsl Ha Puc. 4 (o
ocy x — LGpBI, 10 0CK ¥ — BEPOATHOCTD).

fx)

L1
6
1 23456

Puc. 4. Pynxyus nnomuocmu 6eposmHocmu.

F(x)

A\—

123456

Puc. 5. Pynxyus pacnpedenenus
8epOAMHOCTU.

®ynkuuA f(x) paBHa BepOATHOCTH BbITIa-
nenus uudpsi x, HanipuMep f(4) = 1/6 (Bepo-

TAABA 3. MHTETPUPYEM PYHKLUM!

ATHOCTDb BbIMafieHns Luepsl 4 paBHa 1/6).
Ha Puc. 5 usobpaxena QpyHKuus pacpene-
JTIeHUS BEPOATHOCTI.

PaccmoTpum eé mogpobHee. Tak kak Ha
KOCTAX HeT Lu¢p MeHblile 1, To B MHTEpBase
ot 0 1o 1 BepoATHOCTDb paBHa Hy/IO. B Touke
x = 1 npoucxoauT cKayok fo 1/6. B unTep-
BaJle OT 1 10 2 BepOATHOCTb He U3MeHseTcH,
a B TOUKe X = 2 IPOMCXOAUT OUYePEeHOI CKa-
4YOK Ha 1/6, yBenuumBas BepOATHOCTDb IO
2/6. IIpopBurasAch Aajee MO OCK X, Mbl JJOM-
€M fio BepoATHOCTH 1 B TOuKe X = 6. [Jpyru-
MM CTIOBaMM, BEPOATHOCTb BbINAJiCHMUA
umQpbI MeHbIIIe WM PaBHOM 6 paBHa 1.

Ha Puc. 6 nokasaHo, kak MO>XHO rpa¢u-
4eCKM HalTU BEPOATHOCTDb BHINMAJEHUA 4M-
cel1, 60/BIINX 2 ¥ MEHBLIMX /160 paBHBIX 5.

Oynknua

Oynkuua
f) pacnpefenenna

IJIOTHOCTHN

F(x)

[t
O\t

1 23456 1 23456

fO)+f9)+f6) =

Puc. 6. IIpoussoonas gyHxyuu pacnpedenenus
PasHa PyHKYUYU NIOMHOCMU BePOAIMHOCY

F'(x) = f(x).

W3 Puc. 6 Mbl BUIMM, 4TO /IS HaXOXe-
HMA BEPOATHOCTM BBINAJIEHNA X B MHTEPBa-
71e @ < X < b MO>XHO MCTIONb30BaTh GOPMYY:

b
Lﬂnﬂ=ﬂw—ﬂﬁ

Mb! onATh NOMYyYNIM OCHOBHYIO Teope-
My uHTerpuposanusa! VM sTo osHayaert, 4ToO

F(5) - F2)

. fix) ectp He 4TO MHOe, KaK IPOU3BOALHAS

F(x). MeTanue KocTeil — BeIMKO/NEHOE 3a-
HATHE!




SECMNOAE3HO!
ToPy!

TOABKO 15 MUHYT,
HTOBbl AOBPATDLCSA

CAHAA-UO,

AO MECTA!
9 AOAXHA CAEAATD
OTUET O AETHEM g gery,
PECTUBAAE CIKU-CAH!

34.
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EX) CBOAKA MO OCHOBHOW TEOPEME MHTETPMPOBAHUS

Ecnu ¢ynkuns flx) — npoussonnas ¢yukunu F(x), To ecTb

F'(x) = flx),

TO

b
j; fix)dx = F(b) — F(a)

nmm

b
f F’(x)dx = F(b) — F(a).

Oti HOPMY/IBI O3HAYAIOT CIIEAYIOIIEe:

- Vurerpan ﬁpoﬁéﬁojméﬁ?
ot ncxonuou (bynxum

» noc*rpoennmmn 'ua 'rbtﬁsx .

y / y=f) = F (%)
A
/ ¥ y = F(x)

d ()N SO '
: ey
a b
OcHoBHas Teopema hV F(a)
VHTETPUPOBAHMA b =
f fix)dx a b
a PasHocTb 3HaueHu

MCXOTHO (yHKL#MU

FAABA 3. MHTETPUPYEM PYHKLUM!




UHTerpuposaHue METOAOM TOACTAHOBKH

Haf;I,T.[éM, KaK M3MEHUTCS BbIpaXX€HUE A/ onpe,uenéHHoro VHTErpana 1o x

b
S= f fix)dx,
a
eC/Iu BMeCTO TlepeMeHHOI X IOACTaBUTDb QYHKIIMIO, BBIPaXKaIoI[YIO X Yepe3 NepeMeH-
HYyI0 y
x=g(y).

3anuiemM GOpMYIy, BBIPAXXAIOUIYI0 ONpeNie€HHbIN MHTETPaN Yepe3 CyMMy CTy-
TeHYaToi QPyHKIMM:

S= z f(xk)(xk” - Xk) (XO =a, X, = b)

k=0,1,..,n-1

3aMeHsis epeMeHHYI0 X Ha X = g(y), MbI IepeiiiéM K HOBOI IIepeMEHHO ¥ U MOTTy-
4MM CTIefyIOlIMe 3HaYEH A TOUeK pasduenms

Vo= Yu Yo 0o Vn=Bs
YBOB/IETBOPSIOL{}E COOTHOLIEHMSAM
a=gla), x; =g), x,=g), ..., b=g(B).

Vicnionp3ays npubmkérHyo M1MHeHYI0 QYHKINMIO, BIpa3iM MpupalieHe X yepes
npupalleHue y:

X1 = Xk = 8Wke1) — 80 = & i) W1 = Y1)

W ITOACTAaBUM €T0 B BbIpa>K€HUE 1715 S:

S= - IZ nolf(Xk)(ka - Xk) = o 12 n”lﬂg()’k))g,()’k)(}’k” —yk).

I[lepexon OT cyMMBI K MHTerpajy Npyu GecKOHEYHOM YMC/Ie pa3bMeHuit JacT HaM
cnenyouymo gopmyny:

B
s=[ feg 1)y

Takum o6pasom, Mbl Tonmyuunyu GopMymy AIs MHTETPUPOBAHUSA METOAOM MOACTa-

HOBKI.

HHTCl‘plflpOBaHl/le METO0A0M NOACTAHOBKH

. b ‘ B
Ecmu x = g(y), To '/; flx)dx = j; flgly)g (y)dy. (34)

3.5. CBOAKA 10 OCHOBHOW TEOPEME MHTETPUPOBAHMS




TipuMep

Boruncnutb

1
f 10(2x + 1)*dx.
0

3aMeHuM nepeMeHHylo x Ha y = 2x + 1. Torma x = g(y) = 1/2 (y - 1).
Iuddepenuupys npasyio U 1eBYI0 YaCTH YpaBHEHUA y = 2X + 1, MbI IOy 4uM:

dy = 2dx,
Wi

dx=1/2dy.

IlepelmmeM TENEPb MHTETPaAN, NCNIONb3yA HOBYIO NIEPEMEHHYIO Yy U YYUTDBIBAA, YTO

TPaHMIIbI MHTETPUPOBAHMA U3MEHMMNCD. 3aMeHAeM 0Ha2 x0+1=1ul1Ha2x1+1=3.
Torga

1 3 3
f 10Q2x + 1)*dx = f 10y* 1/2 dy = f Sy'dy=3" - 1°=242.
0 1 1

1. Hakpute omrpepnenéHHblif HHTErpan
3
1 .
) f2 3ds
40+ 1
2) A 2 dx.

5 5
3) f (x+ (1 + ) )dx + f (x— (1 +))dx.
0 0

2. 0TBETbTE Ha BOTIPOCHI

1) 3anuumTte BhIpa)keHMe A/ ONpPENeNIEHHOr0 MHTErpaja, paBHOTO oy ¢u-
Typbl, OTpaHUYeHHOM KpuBoit GyHKIMH y = f(x) = x* — 3x U OCBIO X.

2) Haitaure mnomaab Gurypsi 13 npefbIAyILero 3afanus.

FAABA 3. UHTETPUPYEM PYHKLIMU!







yop!
KAXETCS,
q BOBPEMS.

3 TOXE
XOuy OAETb
HOKATA.

HOPLIKO, Mbl 3AECD.
C TBOEL CTOPOHbI

HENAOXO 8blAO &bl AA.. C COTOBbIM

no3gOHUTb TEAEPOHOM OT BAC
U NPEAYNPEAUTD, HUKYAA HE AETbCQ.
HUTO Tbl MOXEWb

Oono34ATb.

FAABA Y. W3YYAEM NPUEMBI MHTErPUPOBAHMUS!




AA-A! A 80T KOTAA
Q BbIA HAHUHAKOWLUM
PENOPTEPOM, TAKLIX
YAOBCT8 HE BbIAO.

KOrAA NOAXOAUA CPOK
CAAHU MATEPUAAOS
8 PEAAKUUIO, MHE
HACTO NMPUXOAUAOCH
UCNOAb308ATb
TAKCOPOH,

CAOBO 3A CAOBOM G
HUTAA €8Ol OTHET

MOEMY ACCUCTEHTY

no TEAESPOHY.

C YMA couTtu
MOXHO!

KCTATU 3HAEWD AU
Tbl, HTO 8 NMPUPOAE
BCTPEUHAIOTCG
U APYrUue suAbl
80AH?

TEMNEPb BCE
nPOWE,
CcnACUBO
PAALIO-
BOAHAM.

ut.

AA! OKEAHCKUE,
CEUCMUHECKLUE,
38YKOBbIE BOAHbI...
U AAXE CGET.

TAHUb! U TPUTOHOMETPUHECKUE PYHKUUM




TAK 80T, 4AG ONUCA-
HUG 3TUX 8OAH
UCNOAb3YHOTCG PA3HDIE

U3BUHUTE,
MHE, NOXAAYL,

PYHKUUL, HAMPLIMEP, cosf CTOUT BEPHYTbCS
KOCUHYC YIAA (cos O). K PABOTE.

Tbl 3HAAA

08 3TOM?

TPUMOHO-
METPUHECKUE
PYHKUUU UrPAOT
BAXHYHO POAb
8 MOAE.

T, KCTATU, BIPE3AG
; PYKA 1P PACKPOE

BAY3KU, Mbl MOAYHAEM
KPUgYHrO PyHKUUL
cos0.

FAABA 4. W3YYAEM NPUEMbI UHTEMPUPOBAHUS!




HOPLKO, CKOPEE
POTOrPAPUPYL!
3TO XE cosb.

MOCMOTPU HA
TAHUOSBWUU. Y HAC ECTb
OTAUHHAG BO3MOXHOCTDL |

FOTOBUTb MATEPUAA

KAK 8bl MHE

AAS FA3ETHI U 3A0AHO cg“ﬁé’jﬁﬁu
Y
U3YHATD OMEPALILIL HAA PYHRULOML!

PYHKUUIMU,

3TO pPAALAH —
EAUHUUA
USMEPEHUSG

YFAOS.

O, UéeT!
Q YXE no
NPUBLILKE BEAY
3AMUCh.

PAAUAH...

NPEACTABD KPYI
EAUHUHHOMO PAALIYCA C
UEHTPOM & TOHKE (0, 0).
MPEANOAOXUM, HTO Mbl
8blwAU U3 TOUKU A U

ABLXKEMCA MO OKPY X~
HOCTU K TOUKE P,
CABUHYTOU

HA YrOA 6.

ECAU PAALIYC
KPYrA PAGEH
EAUHULE, TO AYFA
AP pagHA Yray 0,
BbIPANXEHHOMY
8 PAALIAHAX!

u1

TAHUBI ¥ TPUTOHOMETPUHECKUE PYHKUUK




‘ 8 AAABHELIWEM
8C9 OKPYXHOCTb PABHA 8CE YMAbl BYAEM
360°, UAU 27118 PAALAHAX. U3MEPGTD
OTCtOAA MOAYHAEM, HTO 8 PAALIAHAX.
90° =n/2, A 180°=T. )
OAUH PAALIAH PAREH
NPUMEPHO 57,2958°.

TAHUOBWUUA ABLIXET-
€9 NO OKPYXHOCTU,
E& CMEWEHUE OTHOCU-
TEABHO OCU X MOXHO
BbIPA3UTL UEPE3
Yroa 0 kak x = cos®.
NnoCcTAPAUCS 3TO

A, TAK 80T
MOUEMY &bl HTO TBOPUTCS

-]

KPLLAAL MHE 8 EMO MOAORE!
370 cos 8" CNAOWHbIE
' KOCUHYCbI...

g

AHAAOIUHHO,
CMEWEHUE
TAHUOBWULDbI
no 8EPTUKAAU
MOXET eblTb
8bIPAXEHO
PYHKULEL

FAABA Y. W3YYAEM NPUEMbI MHTEMPUPOBAHUS!




KPACUBO,
nPABAA?!

KPACUBO!?

%///////Wm&%\\\\

KOHEUHO! MPU YEEAUHEHUU O 3HAHEHUE

c0s 0 UBMEHIETCG NOCAEAOBATEABHO

OT 1 A0 0, AAAEE AO -1, HA3AA K O

U, HAKOHELU, CHOBA BO3BPAWAETCS K 1.
PA3BE HE KPACUBO?!

TO ECTb cosO
KOAEBAETCS
MEXAY 1Uu -1,
TAK?

BEPHO. U TAK KAK
80AHbI BbIPAXAKOTCY
TOXE HEPE3 KOCUHYCHI
U CUHYCbI, 3TU PYHK-
Uuu ucnoAb3yroTca
ANG OBDICHEHUG
HOMUX PU3UHEC-
KUX GBAEHUILL

NOCMOTPUTE!
TAHUOBWULIbI AYMAOT, 4
UTO 8bl FOBOPUTE O
HUX U BCE XOA4T U
XOAQT BOKPYI HAC!

AEUCTBUTEABHO,
KPACURO!

u1

TAHUbI M TPUrOHOMETPUHECKUE PYHKUMU




TF) KOCHHYC /1 TEHb

MPAHALIO3HDIU
PECTUBAAD,
nPABAA?

AA. HO 3AHEM BAM
EAPABAHHDIE
MAAOHKU?

3ATEM, HTO 3TO

a suXY!

PECTUBAAL! HY U UTO?.
Tbl 3HAEWb, UTO AAUHA|-.-.-/ ONGTb 3A CBOE.
TEHU OT BAPABAHHOU [.°. AA, 210 TOrAA AABAL
W MAAOHKU PABHA AAUHE /.- .- AOBOALHO PACCMOTPUM
N NAAOHKL, YMHOXEH- /.. { HEOXUAAHHO, 370 MOAPOSHEE.
HOU HA cos0? /.-.-. HO g UTO-TO
NPUMNOMUHALO.

FAABA Y. W3YYAEM NPUEMBI MHTErPUPOBAHUS!




nycTb AYdU COAHUA,
HAMPABAEHDI
B8EPTUKAABHO
HA NAAOUKY AB,
KOTOPAS HAKAOHEHA
noA yraom 6
K 3EMAE.

OBO3HAHUM TEHD
OT NAAOHKU
(OPTOMOHAABHYO

nPOeKULIO) UePE3 AC.

EE AAUHA BYAET PABHA

AANUHE NAAOUKU AB,

YMHOXEHHOU HA cos0.

nO ONPEAEAEHUIO
AC (tenn)

cosh = AB (nanouka)

OTCtOAA AAUHA TEHU —

370 AB x cosb, Tak?

BEPHO! KOCUHYC
NOKA3bIBAET,
HACKOAbKO
. TEHb KOPOUE,

camon
MAAOHKLU/!

4.2. KOCHUHYC U TEHb




ECAU MOBEPHYTb OCb X HA
YrOA 7i/2, TO OHA
COBMAAET € OCbtO y. 3TO
O3HAUAET, UTO PYHKULG
sinf, cosnaAAeT
C PYHKUUEY cosB,
ECAU YUECTD
3AMA3ADIAHLE. Y sin (9 + 1‘_)
wam/2. /) e 2

APYIUMU CAOBAMU,

sin (9 + l) =cos0

2

ALy

S
cosB °
Sin(6 +3)=C059
Cos(8+%)
=-S5
A KOTAA 8bl
8 UEM AEAO? BEPHETE HAM
BAPABAHHDIE
‘MAAOHKU?
= "l" l- "l:
‘l ) v) S e} b >) &
L / S S8
Qe ; A%

NPEKPACHO, TENEPD
Mbl roTOgb!
K FAABHOU HACTU
AETHEMO PECTUBAAG
CAHAA!

FAABA Y. W3YYAEM NPUEMBI MHTErPUPOBAHMS!
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CE) VHTErPUPOBAHME
TPMrOHOMETPH-
HECKMX PYHKLUA

31, PENOPTEPLI, BOT
CNEUUAABHDIE MECTA
AAG BAC. OTCHOAA
MOXHO CAEAATb
XOPOWUE CHUMKLU,

CNACUBO, Mbl
NOCTAPAEMCS.

TENEPL Mbl MOXEM
PACCMOTPETb cosB
€ TOUKU 3PEHUG
UHTEMPLPOBAHUG!

C3KU-CAH, 8AWU
AEUCTBUG
NOAHOCTbHO
PACXOAGTCSG
CO CAOBAMU,

BAX-BAX

HA CAMOM AEAE
AAG NOHUMAHUSG
UHTEMPAADI AETUE,
HEM NMPOU3BOAHDIE.

80T NOCMOTPU,
KPYr TAHUOBWULL
BHU3Y NOMOXET
HAM PA30OBPATLCG
8 3TOM 80MNPOCE.

Y.3. WUHTErPMPOBAHUE TPUTOHOMETPUYECKUX PYHKUMA




HAM HYXHO HAUTU 3HAUEHUE CYMMbI
YcosO x AB = cos0y(8;, — ;) + cos0,(6, - 6,) + ...
..+ cosB,_,(6,-6,_,)

FASAQ HA 3TO,
d HAXOXYCb
8 3AMEWATEAbCTEE.

MOCMOTPU HA 2TOT
PUCYHOK, HUHEIO HE

y Yron 6,
MPUXOAUT HA YM? 1

C OCBIO ¥

>
>

ECAU TOUKA P
OBPA30BAHA
nogOPOTOM TOHKU
(1,0) na yroa 6,
TO YIOA MEXAY
KACATEABHOU PQ
U OCbIO y TAKXE
PAGEH 0.

0 R Tak xak A]A; — opTOroHa/nbHas
npoekuus A, A, Ha ocb ¥, TO AJIMHA
AJA) =~ pyra A A, x cos, =
=(08,-6,) x cos6;.

3TO PYTOWU! 3HAUUT,
Q@ TYT U3YHAO
UHTEMPAADLI, A OH
8 3TO 8PEMI YNAETAET
AAMWY NO-KUTAUCKU?

FAABA Y. W3YYAEM NPUEMBI UHTErPUPOBAHUS!




y 0, —oaroaq,
a (cos®,, sin0,) — ato (cosa, sina).

>

UCMOAB3YEM
MOAYHEHHOE
PABEHCTEO,
YTOEBbI HAUTU
UHTEMPAA cosO

Iy —— A, (cosH,, sinb,)

A, (cosB,, sinB,)

Aj ///\ A (cos9,, sin6))

> X

0 Ag(cos By, sinBp) = (1,0)
8EPHO! ECAU \'/
VHTerpan xocuuyca yriaa 0 ot 0 5o o paBeH cymMe YMEHbéuATb .TO Mbl HAUAEM,
cos 0 x A6 mpu usmenennu 8 ot 0 o a: ek gHEHHO HTO LHTErPAA
cos 90(91 - 90) + COS 91(92 - 61) +... COS 9,,_1(9,, - 9,1_1) ~ TO ECTb ' Kocu::;f‘cslbee”
=ApAT+AAY + ..+ AL A = AWA, = AB 0. /-
=sina. '
370
B8EPHO?

Tbl neAgA!
HO TOrAA 8EPHO U
OEBPATHOE YTBEPXAEHLUE,
UTO NPOU3BOAHASG
3ANMOMHU,
CUHYCA — 3TO KOCUHYC? NOXAAYUCTA,

3TU POPMYADI.

Y.3. WHTEFPUPOBAHUE TPUrOHOMETPUYECKUX PYHKUMMA




[[nq)(pepeﬂgnpogaﬂue H HHTerpHpoOBaHHUE

TPUTOHOMETPHUYECKUX (PYHKLUN

«

f cos0 d = sina — sin0. @4.1)
U3 dpopmynsi (4.1) crenyer, 410
(sin@)’ = cos®. (4.2)
L . T\ _ .
3amenss B hopmyre (4.2) O Ha ((-) + —2—), NoNTy4aeM (sm (6 + ——)) = Cos (6 +> ),

2
OTKYAa, COI/IACHO TOX/ECTBY Ha CTp. 122, creyer dopmyna

(cos0)’ = —sin6. ' (4.3)

OTAUYHO!
TENEPb PA3YULIM
TAHUEBAADHYHO NECEHKY
UHTEMPAADHOIMO U
AUPPEPEHUUAABHOIO
UcHUCAEHUG!

UCHUCAEHLUE...
KAKOU
CTPAHHDIL

HHTErpUPOBaHHUS

TpHroHOMeTpHYecKas
BepCHs

MNoaHumaem obe pyku Mopnpebirveaem u Moanpebirnsaem ewe pas u
npamo nepep cobom pa3BopauuBaemcs BNEBO ABaX[bl XNONaem B Nagowm

FAABA Y. M3YYAEM NPUEMBI UHTErPUPOBAHUS!




C TAHUEBAABHOU NECHEU
CKYHHAG AOFUKA MATEMATUIKU
CTAHOBUTCG AEMUE! ULICAA,
PYHKULUL, NPOU3BOAHDIE,
UHTEMPAABI! LIAXOY!

KPYI CUHYCA U KOCUHYCA
AAET UHTEMPUPOBAHUE!
NOAHUMEM PYKU BREPX,
HTOBbI U30BPA3UTD KPYF.ﬂ ‘

NnPOL3BOAHAG
Ccuryca —
KOCUHYC.
U30BPA3UM

OBELUMU PYKAMU
ﬁ BYKBY S.

AUPPEPEH-
UUPOBAHUE U

)
LUHTEMPLIPOBAHLIE
MEHSIOT CLHYC HA 4
KOCLHYC U OBPATHO. S
AEAAEM ABLIKEHUE ’ o
PYKAMU BREPX-
lﬁ BHU3, L4AXOY! . .
g+
A-e0pP3
7 *

UHTErPAA OT
KOCUHYCA PABEH
CUHYCY. U30BPA3UM
BYK8Y C OsEUMU
PYKAMU,

J

4.3. WHTErPMPOBAHUE TPUTOHOMETPUYECKUX PYHKUMMA




Mbl nPUwAU

PYTOWU, UAEM HET, 9 HE MOTY. CrOAA, UTOEBb! AFA, U AAG 3TOrO
TAHUEBATb! 9 HE CDEA EWE AEAATD Tbl HAAEAA
AAXE MOAORUHbI PENOPTAX/ TAHUEBAABHYO
3AKA3AHHOU OAEXAY?!

EAbL.

NPEKPATUTE! PENOPTAX
AOAXEH 8bITb FOTO8
K 3ABTPAWHEMY
YTPEHHEMY B8bINYCKY,

A 8bl EWE AAXE
HE MPUCTYNAAU
K PABOTE!

8bl CAUWKOM
YBAEKAUCD

PECTUBAADHDIMU

PA3BAEHEHUGMU/

FAABA Y. W3YYAEM NPUEMBI MHTErPUPOBAHMS!




GED NOKASATEABHAS ¥ AOTAPHPMUIECKAS PYHKLAN

O-Ag-AQ! @ OTNPABUAA

rOTORO,
HAXLMAEM MOtO MEPBYHO CTATBIO. AL, KOMIMbIOTEPDI
*OTNPABUTL"! U UHTEPHET
CYWECTBEHHO
UBMEHUAU PABOTY
PENOPTEPOR.

KCTATU,...

O, 9 3HAHO BUT®

2Ry LSHAEWDL AU Tbl, 4TO :v :_‘ O KOMNBbIOTEPAX.
| LIHPOPMALILIG, NEPEAABAEMAG

KOMMbLOTEPOM, GRASETCS
NOCAEAOBATEABHOCTHHO
HYAEU U EAUHULL,
HA3DIBAEMbIX BUTAMU.

, =
HUKAKOM PEAKLAMF . bt
BAHYAA, WYTOK HE %

TTOHUMAET, HY NAAHO

* Wrpa cnos: «6UT» UMEET TaKXKe 3HaUeHWe <HEMHOTO.

YY. NOKA3SATEABHASL U AOTAPUPMUYECKAS PYHKUWM




KOMMbIOTEPbI
OBPABATDIBAIOT
UHPOPMALILILO 8 BUHAPHOU
CUCTEME.

C MOMOUBIO OAHOTO BUTA |~
MOXHO MPEACTABUTD ABA
yucaa (0 u 1), ¢ nomouwbro &
ABYX BUTOB — YETLIPE
(00, 01, 10, 11), ¢ NOMOWbIO

P

......
......
------
.....
......
-----
ooooo

......
------
------
-------
------
------
......
-----

-----

o e e o

o e e
« s e

ECAU Mbl MPEACTABLIM
8 BUAE PYHKULL HUCAO
3HAHEHUL, KOTOPbIE
MOTYT BbliTb BbIPAXEHDI
X BUTAMU, TO MOAYHUM
MOKA3ATEABHYO
PyHkuUo f(x) = 2%

BbIPAXEHUSG
KAKOrO-HusYAb
POCTA, HAMPUMEP,
IKOHOMUHECKOIO.

TPEX — BOCEMb, U T. A.
TAKUM OBPA30M, 11 BUTAM o TTlokasatenbHas
COOTRETCTAYIOT 2" N v ioieioiels
BO3MOXHDIX ULICEA. SO PyHKUHUA
Y /
MOKA3ATEABHAS
PYHKULG? NOKA3ATEABHAS AAl
HTO OHA PYHKLLG YACTO MOAYMATb..
MOKA3bIBAET: UCTOAL3YETCS ANG K MPLUMEPY..

.8 1a50-X MOAAX
8 GrOHUU HABAIOAAACS |
8blCOKUL 3KOHOMUHEC-
KUl POCT — OKOAO /-
10 nPOUEHTORB
8 roA.

MXUTEAD GnoHuu

C F0408bIM AOXOAOM
8 5 MUAAUOHOE UEH
3APABATDIBAA
8 CAEAYIOWEM roAY
5.5 MUAALUOHOR.

EFO 3APNAATA BO3PACTAAA
HA 10 NPOUEHTOS,

U BAAFOAAPG 2TOMY
OH MOl UMETb sOAbWE
TOBAPOB U YCAYI, HEM

8 NMPEADIAYIEM FOAY.

FAABA Y. W3YYAEM NPUEMBI MHTErPUPOBAHUS!




AA, BYAb 3TO CEUMAC, HE OTBAEKALICY.
Q2 MOrAA &bl
NOAHOCTbtO

OsHOBUTL MAPAEPOB

U KYnuTtb kyuy

APYrUX BEWEL/

nyYcTb 3KOHOMUHECKUL

POCT COCTABAGET U HEMY TOrAA

10 MPOUEHTOB, TOMAA EYAET PAGEH on 3;{/3 gﬁéea
KAXAbIU FOA 8AAOBOU 8AAOBOU NPOAYKT G =Gox 11"
NPOAYKT Gy, BYAET HEPE3 N AET? n=Gox LI

YBEAUHUBATDLCA
8 1,1 PA3A:

Banosoit mpopyKT 4yepe3 1 rog —

Gl = GO X 1,1.

Banosoit mpopyxT yepes 2 roga —

G2 = Gl X 1,1 = G.O X 1,214

BCEIO 3A 7 AET 8AAOBOU
Banosoit nponykT 4epes 3 roga — NPOAYKT MOHTU YABOUTCS:
G;=Gyx 1,17 = Gyx 1,95.

G3 = GO X 1,33
Banosoit npopykT yepes 4 rofa —

G, = Gy x 1,46,

YABOUTCG?
4 YX, Tbl/ UTO MHE
KYnuTb, ECAU
MOG 3APNAATA
YABOUTCI?

BanoBoit mpoaykT yepes 5 et —

GS = Go X 1,61

UTAK, PYHKULUG 8UAA SPPEKTUBHOCTD
£(x) = 4y a* HABIBAETCS IKOHOMUIKL, UMEIOWEL!
MOKA3ATEAbHOU KO PPUUUEHT
PYHKUUEL. roAO80ro NPUPOCTA 4,

BbIPAXAETCS
MOKA3ATEABHOU
PYHKUUEL

f(x) =ay(1 +a)*

YY. NMOKA3ATEAbHAS U AOTAPUPMUYECKAS PYHKLIMK




ANAG sUTOB TOXE

UCTMOAB3YETCS NOKA3A-
OAHAKO Mbl AA TEABHAG PYHKULG Oﬁpa'l'Haﬂ
OTBAEKALCH. 9 YXE Leur — | |/() = 2% eoieaxaouiag $yHKLMA
rOROPUA, UTO 2 KOMEL- KOAUHECTBO 803MOXHbIX
8 KOMMbIOTEPAX HALLILL HUCEA, COOTBETCTRYHOUWEE
ANG 3AnUCU T X BUTAM. CYWECTBYET
UHPOPMALLIL i ngsu— TAKXKE TAK HA3DIBAEMAG
UCNOAL3YHOTCY HALILILL OBPATHAQ PYHKLUG, y

KOTOPAG EbIPAXAET
HUCAO sUTOB, HEOBXO-
AUMOE AAG 3AAAHHOIO
HUCAA KOMBUHALWLILL

BUTDI.

b
“-‘

3TO HECAOXHO, HYXHO
TOADKO CAEAATDL 8CE
HAOBOPOT —
OKOHUAHUE CAEAATD
HAHAAOM.,

2 koMBuHauun — 1 6uT

TO ECTb Mbl

\| MOXEM 3AMLCATL
2" BO3MOXHbIX

HUCEA, UCNOAL3YS

n sUTOR.

4 xoMBuHauuu — 2 buta

8 KOMBUHaLMUA —> 3 Buta

OBO3HAUUM
OBPATHYIO K f(x)
PYHKULIO KAK g(y).
OHA 8bIPAXAET
HUCAO BUTOS,
HEOBXOAUMOE
AAG 3AnNUCU
¥y KOMsUHAUUL.

MbI MOAYHAEM
(2)=1,g(4)=2,
8)=3,8(16)=4...

83AUMOCEBI3b MEXAY
PYHKULIMU f U g
MOXHO 3ANLCATb

CAEAYIOWUM OEPA3OM:

8f(x) =x u f(g() = .

OCTAAOCD 3AMOM- \ f(x) = 2¥ — NOKA3ATEALHAS

HUTb, UTO PYHKLLS, PYHKULS T(TMA2 rlofyl%&?i Lleo
OBPATHAG K MOKA3A- \g(y) = log, y — AOrAPLIPMUHECKAS 1 082 = 1 0822 = 2
TEALHOL HA3bIBAETCS PYHKULG 0g,8 = 3,log,16 = 4...
AOTAPUPMUHECKOU

U OBO3HAHAETCS

CUMBOAOM log,

ULIPPA BHUY —
OCHOBAHUE
AOTAPUPMA,

AAG sUTOB OHA
3ANUCbLIBAETCS

KAk g(y) = log,y.

FAABA Y. M3YYAEM NPUEMBI UHTErPUPOBAHUS!




L) OBOBLUEHUE NOKA3ATEABHON M AOTAPUPMHUHECKON ¢ﬂﬂ”ﬁ

E

S A
HECMOTPG HA YAOBCTBO MOKA3ATEABHOU U
AOTAPUPMUHECKOU PYHKUULI, Mbl MOKA PACCMOTPEAU
PYHKUUIO f(x) = 2* TOADKO AAG X, GBAGHOUUXCS
HATYPAABHBIMU HUCAAMU, U PYHKULIO g(y) = log,y AAG y,
PABHDIX 2V, FAE N — TAKXE HATYPAALHBIE ULICAA.

HO KAK HAUTU 3HAHEHUS AAS MOKA3ATEAS CTEMEHU
—-8,7/3 unu V2, log,5, log,n ?

( G NONbITAKOCb HA MPUMEPAX

NOKA3ATb, KAK HAUTU 3HAHEHUG
@ STUX PYHKULL 8 OBWEM CAYUAE.
A

XM, U KAK XE?

PAA, UTO MEHG CNPOCUAA Tbl.
CUAY UCHUCAEHUG UCMOAB3YEM Mbl/

AAG HAHAAA BO3bMEM MPUMEP, PACCMOTPEHHDIU PAHEE, TOADKO
BYAEM LICKATb HE MOAOBOL, A MMHOBEHHDIU TEMIM POCTA.

TomoBoit Temn pocTa =

_ 3nauenue yepes rop — Texyiee sHavenue _ f(x + 1) — f(x)

Texyuiee sHaueHue flx)

C 2TOrO 8bIPAXEHUG Mbi
HAHUUHAALL

Y.5. OBOBLUIEHNE MOKASATEABHON U AOTAPUPMUYECKON PYHKLIMA




NPEOEBPA3YEM EO 8 8bIPAXEHUE
AAI MTHOBEHHOIO TEMMNA POCTA,

MrHOBeHHBII TEMIT pOCTa =

(3Haqenue 4yTb NMo37Hee — VcxonHOe 3HaUeHMe 1 )
= IIpenen X =
VicxopHoe 3HayeHMe IpupaiieHue BpemeHn
_fx+e-f) 1 i 1 flx+¢) - [())_ 1 .,
[5 S mpue 0 tl{l;l Y . ) ().

TAKUM OBPA3OM, MTHOBEHHDIL!
TEMIN POCTA ONPEAEAIFETCA KAK
[
fix)

Haiiném dyHxumio f(x), KOTOpoit COOTBETCTBYET IIOCTOSHHOE 3HAYeHVe MTHOBEH-
HOTO TeMIIa poCTa:

f @) = ¢ = const.
fx)
(x
Ecnu monoxxuts ¢ = 1, To f(x) JIO/KHA YIOB/IETBOPATD YCTIOBUIO % =1
( HO KAK HAUTU TAKYHO PYHKULO f(x)?

II| IIpenmonoxmum, 4To 3TO NMoKasaTeNbHasd QYHKIUA.

-
u3 ycrosug f'(x) = flx) cnemyer, uto
£©0)=0). (1)
BCMOMHUM, HTO 8 OKPECTHOCTU TOMKU h =0
Mbl MOXEM 3AnUCATb f(h) = f(0) + f(0)(h - 0).
\

FAABA Y. W3YYAEM NPUEMBI UHTErPUPOBAHUS!




Vcnonp3ys paBeHcTso (1), nonyyaem

fth) = f{0) + f(O)h = f(0)(1 + h). (2)
Tenepb 3anuieM NpUOMIKEHHYI0 GOPMYIY, €CTIN X JOCTATOYHO 6M3KO K A

flx) = flth) + f"(h)(x - h).
3aMmeHuM x Ha 2h u, ucnions3ys ycnosue f'(h) = f(h), nonyunm

fQ2h) = flh) + f(h)h = fh)(1 + h).

Ioncrasnsis B 910 ypaBHeHue BMecTo f(h) ero mpubmmkéHHOe 3HaYeHMe u3 (2), 1o-
Tydaem:

f2h) = f0)(1 + h)(1 + h),
f2h) = f0)(1 + h).

AHanoruyHbIM 06pa3oM MOXXHO NOTYUUTb BbIpaXkeHus And x = 3h, 4h, 5h, ...
B obuiem cnyyae ans mh 6ynet cipaBeiInBo BbipaXkeHue:

fimh) = f0)(1 + h)™

Ecnu BBecTH ycnosue mh = 1, To omy4nm:
f(1) = filmh) = A0)(1 + )™

[leitcTBYs TaKMM Xe oépasoM, Oy 4MM:

f2) = flamh) = fO)(1 + h)*™ = RO)(1 + h)"}%
f3) = f(3mh) = fO)(1 + k)™ = f(O){(1 + h)™}.

It IpOM3BOIBHOTO HATYPA/IBHOTO YMC/IA 11 GyLieM MMeTh:
fin)=f0)xa",tpea=(1+h)".

Tony4enHoe BBIpaXKeHNe ABNAETCS OKa3aTenbHoi byHKimeir')!

Y Tak kKak mh = 1,70 h = 1/m. Torga f(1) = f(0) (1 + 1/m)™. ECAn yCTPEMUTL M K BECKOHEUHOCTH, TO BbipaxeHue
(1+ 1/m)™ 6ypeT CTPeMUTBLCA K e — uucay Jinepa, PaBHOMY NpuMepHo 2.718. B pesynbTate nonydaem, uto
f(1) = f(0) X e, 4TO COOTBETCTBYET paccykaeHnaM, KoTopble 6yayT npusegeHs Ha cTp. 139.

Y.5. OBOBLWEHNE NOKASATEALHOM ¥ AOTAPUPMUHECKOW PYHKLMNA




[E Teneps nokaxkeM, 4to GpyHKIMA f(x) CylIeCTBYeT, ¥ HaliiéM e€ BUS,.

BbIPA3UM OBPATHYIO PYHKUUIO
y=f(x) kak x=g(y).

u3 yenosug f'(x) = f(x) CAEAYET, UTO NPOL3BOAHAS
OT f(x) PABHA CAMOU PYHKULL. LCMOAL3YEM 3TO,
HTOEBbI HAUTU MPOU3BOAHYIO PYHKUUL g(y)!

gy = j% ) (4.6) +{ 9Ty dpopMyny MBI IONYIN/IM paHbLIe™.
x
(y) = 1 1 1 47) Ycnosue f'(x) = f(x) omHO3HaYHO
gv= fx) ~ fx) oy ' oIipefiensieT BUA IIPOU3BOAHOI 06-

Tenepp npuMeHNM OCHOBHYIO parHoit QyHKUMK.
TeOpeMY MHTETPUPOBAHUSA:

Yro6b1 HaliTyt 3HaYeHNe QYHKIMH

a
1
/; Y dy = gla) - g(1) (4.8) +— g(a), Ham Hapio IpOMHTErpUPOBATH €&
Ecnu npunsars g(1) =0 ... npousBonHyio g'(y) = 5 Ha OTpEske
orlmoa.

MOAYHAEM g(a) = f —}ll—dy.
1

1
OTAUHHO! TENEPb HAPUCYEM MPAPUK PYHKUUU Z = 7 !

*Kak 6b1n0 noka3saHo Ha cTp. 75, ecnu dyHKumsa x = gly) aBnaetca obpaTtHoil K y = f(x), To f (x)g'(y) = 1.

FAABA Y. W3YYAEM NPUEMBI MHTErPUPOBAHMS!




3TO MPAPUK OBPATHOL
nPONOPULOHAABHOCTU,

PYHKUUG g(a) MPEACTABASET COBOL MAOWAAL PUIYPbI MOA
KPUBOLI HA OTPE3KE OT 1 AO a. MPU STOM MOAYHAEM
OAHO3HAUHO OMPEAEASEMYIO PYHKLLIO. APYIUMU CAOBAMU,
g(a) CTPOrO OMPEAEAEHA ANG MOBOTO 3HAHEHUS a,
BKAFOHAG APOEBU U LIPPAULIOHAABHDIE ULCAA, HAMPUMEP V2.

J
4 {
{

~

1
PYHKUUG Z = 7 FBAGETCI IBHO 3AAAHHOU PYHKULEL,

NO3TOMY NAOWAADL MOA HEL MOXET 6biTb HAUAEHA TOYHO.,

1 ) a
Tak kax g(1) = f %dy =0, T0 f %dy = g(a) — g(1), yto cooTBeTcTBYET Popmyie (5).
1 1 »

Wrax, Ml Hamy o6patTHyIo GyHKIMIO g(y) Yepes IUIOLIA/b TIOf, KPUBOIL, VICTIONb3YA
JUIs 9TOTO MCKOMYI0 QyHKIMIO f(x).

A KAK HACHET C3KU—CIAH,

NPOUEHTHOrO MOXAAYUCTA, 8bl NAAHETE!
POCTA KOMMAHUU CKAXUTE MHE HEY XEAU Bcf
ACATAKS TAUMC? NPABAY. 9 HE TAK MAOXO:?

YAUBAHOCD.

Y.5. OBOBUIEHUE NOKASATEALHON U AOTAPUPMMUYECKON PYHKLIMA




(I CBOMCTBA MOKASATEALHOM U AOTAPUPMHHECKO/ PYHKLL

m PaccmoTpuM QyHKIMIO TeMITa pOCTa, MMEIOLIYI0 BUJ !;(( ))
. (x
E] Hapo Haittu ¢pyHkimio y = f(x), yA0BIeTBOPAIOLIYIO YCIOBUIO ];(i)) =1, To ecTb
MMEIOLIYI0 TOCTOAHHDINA TEMII POCTa, PaBHBIiL 1.
Yka3aHHOMY YC/IOBUIO YAOB/IETBOPAET NOKa3aTeNbHas yHKLMA, /IS KOTOPOi

f (%) = flx).

E TIpousBopHast 06paTHOI IO OTHOIIEHMIO K ¥ = f(x) dyHKIMM X = g(y) paBHa
1
W) == *)
V4 y
LT_‘ 3HaveHus ¢pyHkuum g(a) paBHbI oAy o rpaduxom pyrHkuun h(y) = —}11—:

s[>

O6parnas Q)yﬂxuml K flx) — aTo dyHKuMA, yrosneTsopsiomas ycnosuto (*) u ans
KoTopoit g(1) = 0.

Tak kaxk f(x) — nokasarenbHas QyHKLY, TO, UCTIONb3YS KOHCTAHTY G, MOXKHO 3a-
TIMCaTh:

fix) = aga™.

Taxk kak 1o onpepeneHnio 06paTHoit Q)yuxuun flg(1)) = 1, u B TOXE BpeMs U3 ycro-
Bus g(1) = 0 crenyer, uro f{g(1)) = f0) = aga’ = a,, nomyyaem

A1) =1=a.
OTCIOI[a C/IEAYET, YTO
fx) = a*.

Paccyxpas nogo6HbiM 06pa3oM, HaxoxuMm:
flgle)) =f(1) = a' ufig(e)) = e, a sHaunr

e= al, " B KOHEYHOM UTOr¢ MMEEM

flx) = ¢

FAABA Y. W3YYAEM NPUEMBI MHTErPUPOBAHUS!




™
I
\<'._.

Mnomagp=1

€ — MPPaLMOHATIBHOE YHCIIO,
paBHOE MpUMEpHO 2,7183.

3HavyeHMe OCHOBaHMs HATYpalbHOro norapudma e HAXOAUTCA KaK HUCIO Y, YHO-
B/leTBOpsoLiee ycoBuio g(y) = 1. Jpyrumu cnoBaMu, 3TO YUCTIO O, A7 KOTOPOTO /IO~
1/l MEXXAY KpUBOIA 1/y M 0CbI0 y Ha OTpe3Ke OT 1 10 o paBHa efMHMLIE.

O6paTtHas K Heit GyHKuMA g(y) HA3BIBAETCA HAMYpAnbHbIM N02apudmom u 0603Ha-
yaetcs Iny = log,y.

[lepennuiem maru E] IZ], VICTIOTIb3Y# TIOKa3aTeNbHY0 QyHKLMIO €* 1 norapud-
muyeckyio GyHkumio Iny.

f(x)=flx) o (e¥) =e”
1] gr= ety ==

“1 71
g(a)=f —dyolnyzf — dy.
1y 1)y

Onpepenum ¢yHkumio 2* ans moboro BelecTBEHHOro Yucna X. [71s aToro 3anu-
1eM eé B Buje

f(x) —e (In 2)x,
roe x — )'II060€ BE€HIECTBEHHOE YUCIO.

3amucaHHoOe BbIlle BbIpaXKeHNe CIefyeT U3 Toro, 4yTo e* i Iny — B3auMHo o6par-
Hble GYHKIWM, /11 KOTOPbIX MOXKHO 3aIUCaTh:

eln?=2,
B pesynbrare Ans m060ro HaTypanbHOTO YMC/IA X UMEEM
f(X) - (ean)x =%

Y.6. CBOVICTBA MOKA3ATEABHON U AOTAPUPMUUECKON PYHKLIMA




) APYTYE NPUMEHEHWS OCHOBHBIXTEOPEM B

NudPepeHUMPOBAHUE CTETTEHHOK PYHKLIUK

CrenenHas ¢pyHkuus f(x) = x° ¢ oTpuLiaTeNbHBIM NTOKa3aTeNeM CTEIEHM MOXET VC-
TIO/Ib30BATbCA A/ 3AIMUCH TAKMX PYHKIMIA, KaK

_i_x-l _1_x-2 _l_x—s
y=o=xTy=g=xty=g=at

Jins sTux QyHKUMIT TaKxKe CIpaBefIMBa HalifieHHasA paHee GopMyIIa.

Auddepenuuporanne crenennon PyHKunu

flx) =2 fx)=ax*L, (4.4)

IIpumepsr:
Ecmu f(x) = }1; 10 f(x) = (%) = -3x"*=-

1
43

Ecru f(x) = %, o fx)= (x”“) x4 =

[loxa3aTenbCTBO:
Bripasum byHkumio f{x) = x* 4epes YNCTIO e, UCTIONb3Ys PaBEHCTBO & = x:

f(x) =x%= (elnx)a - ealnx‘
V3 nomy4eHHOro paBeHCTBa CEAYeT, YTO

In f(x) = alnx.

BosbméM npousBosiHbie OT /1€BOJ U MPaBOI YacTell 3TOTO ypaBHEHUA, YUNTBIBA,
YTO mpousBogHas Inw = -, Vb TIPUMEHSS LeMHOe MpaBuo nuddepeHpoBaHNs

CTIOXKHOM GYHKLMM, TOTYINM:
1 , 1
——xfx)=ax—.
flx) f x
TToce HecOXHbIX TTpeo6Gpa3oBaHMIT Oy YaeM

f’(x)=ax%xf(x)=ax%xx“=ax“"

FAABA Y. W3YYAEM NPUEMBI MHTErPUPOBAHUS!




MHTErpMpoBaHHe IO HacTAM

VI3 npasuna auddepernypoBanms npousBefeHns AByX GyHKIMIT CIEAYET, YTO ec-
mn h(x) = fix)g(x), To:

h'(x) = f (x)g(x) + fix)g' (x).

Takum obpasom, npousBeseHue flx)g(x) ABnsgerca neppoobpasHoit ansa GyHKLUK
f'(x)g(x) + fix)g'(x). [IpuMeHsAa OCHOBHYIO TEOPEMY MHTETPMPOBAHNS, IONTyYaeM

b
fa {f (x)g(x) + fix)g (x)}dx = f(b)g(b) - fla)g(a).

Vicnionp3ys npaBuio MHTETPMPOBAHUA CYMMBbI, IOZTyYaeM CIERYIOLIYI0 POPMYIy:

Hurerpuporanue no uactam

b b
./a' fx)g(x)dx + j; fix)g'(x)dx = fib)g(b) — fla)g(a) (4.5)

B xayecTBe mpyMmepa BBIYMCIUM MHTETpal
s
f x sinx dx.
0

Tak Kak CMHYC AB/IA€TCS POU3BONHONM OT KOCUHYCa, BbibepeM B KauecTBe f(x) = x,
a B KkauecTBe g(x) = cosx. Torna

[0 nx’ cosx dx + ](; nx (cosx)"dx = flx)g(x) : = fln)g(n) — £(0)g(0).

[Toncrasnss BoiOpaHHbIe HaMM QYHKLMM BMECTO f(x) 1 g(x), monydyaeM

nicosm—0cosO=m(-1)-0=-m.

ITocne npeobpasoBannuii monyyaem
hid

fx' cosxdx+f x(cosx)'dx=f cosxdx+/ X (~sinx) dx =
0 0 0 0

L 1
=[ cosxdx—f xsinx dx = -m.
0 0

[lepenuieM 3Ty GOpMYTy OTHOCUTENBHO CKOMOTO MHTETPaa:

n
+n=sint-sin0+n=m.

0

s

i
fxsinxdx=f cosxdx + m=sinx
0 0

Y.7. APYTUE NPUMEHEHUS OCHOBHBIX TEOPEM




sinx
cosx

1. Haitti mpousBopHyIo tgx =

2. Beruucnurse

fn/ 4 1
———dx.
0 COS“ X

3. HaifTu 3HaueHue X, Ipu KOTOPOM FOCTHUTaeTCsA MUHMMYM QyHKimu f{x) = xe”.
4. BoraucnuThb

[
f 2x Inx dx.
1

Yasanue: osbmute pynxumu f(x) = 1%, g(x) = Inx, u Bocnonbayiitech MHTErpupo-
BaHMEM IO YaCTAM.

FAABA 4. W3YYAEM NPUEMBI UHTEMPUPOBAHMS!







TAAMC.

A

BAY! KAKOU
opuc.

Q xouy
PABOTATD Y MEHQ BCTPEHA.
3AECH! NnoAOXAEWb
MEHG 8 XOAAE?

HTO.
9 NOMEWAO?

FAABA 5. U3YYAEM PASAOXEHME B P94 TEWAOPA!




PAA BCTPEUE.

d TAK MHOMO CAblWAA
O 8AC, C3KU-CAH,

Q XOuyY, UTOsbl
8bl MPOCMOTPEAU
MOAYHEHHDIE
HAMU HOBDbIE

AAHHDIE.

neowy
nPOWweHUq.

O, CNACUEO...

tl.

o @

,
...-ulllll'!t‘“x

CTTACHEBO.

5.1.

ACATAK3 TAMC. MAABHBIA OPUC




KAK TPI3HO!
XM...

HOPUKO, UTO Tbl

AEANAEWD? TROE
NOBEAEHUE
MOXET 8bl38ATb
NOAO3PEHUE,

3TU HOBbIE AAHHDIE
COBMAAAKOT C TEMU,
KOTOPbIE 8bl NPUBEAU
8 BAWEL CTATbE,
HE TAK AUP

KAKO8b!
uctTouHuUkKuU
ITUX AAHHDIX?

OHU MOAYUEHDI
U3 KOMMNAHUU “BEPHEM
KEMLUIKA”,
HAM UX AUHHO NEPEAAA
XYPHAAUCT, BEAY LU
PACCAEAOBAHLUE.

Mbl YXE NPOBEPUAU
UX AOCTOBEPHOCTD
MO APYIUM KAHAAAM,

K nysAuKAUUU..

MOg HOBAG
CTATbG EWE
HE rOTOBA

+HO G NEPEAAM BAM
8CE MATEPUAADI,
KOTOPLIE YXE YCMEA
COBPATD.

COBNAAEHUG
OBHAAEXU-
BAIOWUE.

FAABA 5. U3YYAEM PASAOXEHME B P94 TEMAOPA!




HUKOrAA &bl
HE MNOAYMAA,
UTO Tbl TAKAG
PUCKOBAG!

q BUHOBATA
NEPEA SAMU,
HO MHE TAK
XOTEAOCb
Y3HATb..

AA YX, Tbl
AOBOALHO
AFOBONMDbITHA,

C3KU-CAH,
d 8OAHYHOCb. BEAD
"BEPHEM KEMUKA" —
BAXHDIU CNOHCOP
YACATAKD TAUMC",

ECAU UX HE3AKOHHDIE
AEUCTBUG BYAYT
PA30BAAHEHDI, OHU,
HABEPHOE, NMPEKPATAT
NOAAEPXUBATb HAWY
FA3ETY.

TAKAG
BEPOITHOCTb nocmoTeu
CYWECTRYET. @ | 3T0 — PA3AOXEHUE

AYMAA OB 3TOM.

8 P94 TEUAOPA.

5.4.

370 4TO?
ongaTb
MATEMATLKA?

ACATAK3 TAMC. FAABHBIA OPUC




AO CUX nOP Mbl

MPUMEHSAU AUCPPEPEH- HY AA, Mbl
ULPOBAHUE TOALKO AAG UCnOAb308AAU HAMPUMEP, ECAU Mbl
NPEACTARAEHUG UCCAE- NPUBAUKEHHDIE AN PYHKUUU f(x) HAUAEM
AYEMOU 3ABUCUMOCTU PYHKUUU, HTOBbI p=fa) u g=f(a), TO CMOXEM
2 BUAE AUHELHOL YNPOCTUTD PEWEHUE MPEACTABUTDL f(x) B8 BUAE
PYHKLUUL, PA3HDIX NPOBAEM, AUHEUHOU PYHKLUUL

TAK BEAD?

f(x) =q+p(x—-a) seAusu x=a.

/

HO 8 HEKOTOPbIX
CAYHAGX Mbl UMEAU
AEAO C KBAAPATUHHOU
U KYsU4eckou

PYHKUUGMU.

AA, HAIPUMEP,

8 CAYUAE C AXOHHU
MAXECTUKOM,
KOTOPbIL HAHUAA
CHOBA HABUPATD
BEC MOCAE
FACTPOAEL.

NOCAEAHEE BPEMG
Q HE 3AHUMAACG
3TUM 80NPOCOM,

ECAU BEPHYTb KPEAUT HEPE3 [OA,
TO Tbl 3ANAATUWDL M(1+x) UEH,

nO2TOMY ECAU HEPE3 2 MOAA, TO
BO3bMEM APYIOU M(1 + x)(1 + x). COOTBETCTBEHHO,
NPUMEP: HEPE3 1 AET HAAO EBYAET

3ANAATUTE M(1 + x)" ecAu
MOMNbITATLCS “PABAOXUTL” 3TY

PYHKUULO, TO..
AONYCTUM, Tbl

B3GAA KPEAUT HA
M ueH ¢ roaoeou
MPOUEHTHOU
CTABKOU X.

(1+ Z)n= l+nZ + I-‘Qiﬂzx +h=0(N-2) 3 ...
~-Mbl MOAYHUM 8OT
TAKOU PG4,

n!

A+x)"=1+,Cix+,C% +,C8 + ... ,Cx"

9r0 popmyna 6MHOMMATBHOTO panoXKeHus, B kotopoi ,C, =

ri(n—r)!
Cr=n,Cm n(nz— 1) ,.Cy= n(n - 16)(n -2) o Gy n(n - 1)...31 -(r-1}

FAABA 5. U3YYAEM PASAOXEHME B P94 TEWAOPA!




ECAU OCTABUTb TOAbKO
MEPBDLIX ABA CAATAEMDIX,

Mbl [IOAYHLIM HO...
neeactagAEHUE (1 + x)"

8 BUAE AUHEUHOU
PYHKUUU 1 + nx.

8O MHOIUX

CAYUASX 3TO

NPUBAUXEHLIE

OKA3bIBAETCY

CAUWKOM PYBbIM.,

(I1+x)"=1+nx

ECAU UCNOAL308ATbL

TAKOE MPUBALXEHUE
AAG OUEHKU KPEAUTA,

TO MOXHO 3AHGTL

AEHE 8OAbWE, HEM

CMOXEWb OTAATDH, U
YrOAUTb 8 AOArO-

NnO2TOMY AAG
KPEAUTA AYHWE
LUCNOAL308ATb
K8AAPATUHHOE
NPEACTABAEHLE...

O, HET. HE XOHY!
NOMOruTe!

M...MUHY TOUKY!
9 AOFAAAANACD —
8bl LUCNOAL30BAAL
PABAOXEHUE 8 PG4
TEUAOPA AAG PEWEHLG
NPOBAEM HAWEU FA3ETHI

MOXET
NOUAEM,
8bINbEM MUBAP

5.1. ACATAK3 TAMMC. FAABHbIN OPUC




Mopmyara kBagpaTHUHOTrO NPHOAMEHUS

(1+x)"z1+nx+‘i’§(-'f§lllx2 G.1)

ECAU Mbl HEMHOIO BUAOU3SMEHUM 3TY
POPMYAY, TO NOAYHUM BECBMA
UHTEPECHYHO 3AKOHOMEPHOCTD.

Jins mo60it mapsl 7 ¥ X, yAOBIETBOPAIOINX YCIOBUIO nx = 0,7, monydaeM

(1+x)"-~1+nx+-r—l(n—_—1—)—x2=1+nx+—1-(nx)2—inx2=
2 2 2 4

1 ) IIpene6peraem
~1+07+>x07=1945~2. B CHITY MATOCTH,

Taxum obpasom, ecmu nx = 0,7, 10 (1 + x)" 6mM3K0 K 2. V3 3TOr0 MOXKHO CHOpMYIH-
POBATh CIIEAYIOLINIL 3aKOH.

'3aK0H ONTOoBOI AMbI

Ecin  Cpok nmoramennus xpegura X IlpoueHtHas craBka = 0,7,
TO CyMMa JIO/ITa YBEMMYMBAETCA IPUMEPHO BABOE, €C/IN

O, HET!
370 YXAcHO!

TAABA 5. WU3YYAEM PASAOXEHWE B PSA TENAOPA!




HAEHDI CO CTEMEHDIO n > 1 HA3bLIBAKOTCS
HAEHAMU BbICOKOL! CTENEHU LUAU NOPIAKA.

NPEACTABAEHUE PYHKULLU 8 BUAE KBAAPATUHHOIO
MPUBALEHUG (BTOPOIO NOPIAKA) HACTO NO3BOAIET
OBHAPYXUBATD UHTEPECHDIE BEUWU. PACCMOTPUM TENEPL
NMPEACTABAEHUE PYHKUUU 8 BUAE MHOMOHAEHA BOAEE
8bIlCOKOU CTENEHU. (HA CAMOM AEAE TOYHOE 3HAHEHUE
PYHKUUU AAETC MHOMOHAEHOM BECKOHEYHOL CTENEHLU.)

Hanpumep, ecni Mbl pas3noxuM QyHKINIO

fx)= ﬁ , TO TIOTY4UM

fx) =—1——17= 1+x+x2+2°+x* + ... (4 Tak o 6eckoHeYHOCTH)
Xy

O6patyt BHUMaHMe, 3[€Ch UCTIONB3YETCA SHAK = BMECTO = |

I NPEANOAATAA,
4UTO Tbl 3TO
CKAXEWD.,
AABAL NPOBEPUM.

HO 3TO 8EAb
OWLBKA? HE MOXET
EbiTb PABEHCTBA/!

ITycts x = 0,1, TOrAa nonyyaem

1 1 10
f(o’l)“l—o,l“"o',?‘T‘

Teneps nonpobyeM paccumTaTh 3Ha4eHMe GYHKLMH, TIpel-

0

CTaB/IEHHOM B BU/Ie MHOTOY/IEHA, 10 19
_ 2 03an1de - -9 I1,111...
f(0,1)=1+0,1+0,1°+0,1°+0,1*+ ... = 10
=1+0,1+0,01+0,001+0,0001+...= )
= 1,1111111... 10
Ecnu mb1 mocuntaem 10/9 menmeHveM B R ‘910
CTONOMK, TO ONTYYMM TOT )K€ Pe3y/IbTar. C 9
10

5., ACATAK3 TAUMC. FAABHBIV OPUC




Ecnu npoussonbras ¢ynxuns fx) (auddepenumupyemas 6eckoHedHoe 41Co pas)
MOXeT ObITh BBIpakeHa B BIfie 6eCKOHEYHOTO psAfa

flx)=ag+ax+a* +a + ... +ax" + ...,
TO IPaBYI0 YacThb 3TON GOPMYIIbI Ha3bIBAIOT pasnoxeHueM f(x) B psd Teiinopa
(B oxpecTHOCTH TOYKM X = 0).

3TO 3HAHUT, HTO f(x) NOAHOCTBIO COBMAAAET
C MHOMOHAEHOM BECKOHEHHOU CTEMEHU
8 OMPEAEAEHHOM LUHTEPBAAE, BKAIOHAIOWEM X = 0.
HAAO OTMETUTD, UTO 3A MPEAEAAMU UHTEPBAAA
MPABAG HACTb MOXKET HE CXOAUTbCS
K ONPEAEAEHHOMY EALHCTBEHHOMY 3HAHEHUIO
U NO3TOMY TEPGET CMbICA.

HAMPLMEP, NOACTABAGS X =2
8 OBE UACTU 8blPAXEHUS (1),

MOAYHAEM:
1
JleBas yacTb = = -1
8UAUWD? HACTU
[lpaBasyactb=1+2+4+8+16+... YPABHEHUG HE PABHbI.

Oxa3spiBaeTcs, BbIpaxkeHue (1) BEpHO TONBKO
IS X, HAXONAIMXCA B MHTEpBane -1 < x < 1, BHy-
TPU KOTOPOTO U JIONYCKAeTCA PaslioXKeHue B pAf
Teitnopa. 10T MHTepBan -1 < x < 1 Ha3piBaeTcs
Kpy2om cxooumocmu.

FAABA 5. U3YYAEM PASAOXEHME B PS4 TENAOPA!




XD KAK MOAYHTb PABAOXEHWE B PIA TEANOPA )

ITycTb uMeeTcA pasnoxeHne
f(x)=a0+alx+a2x2+a3x3+ ...... +ax"+ ... (2)

Haitném snauenue koadpdurienta a,,.

[ToncraBnsas x = 0 B popmyny (2), nonyyaeM f(0) = a,, oTKyAA CenyeT, 4T0 Koapdu-
uueHT 0-ro mopsAzKa a, paseH f (0).

BosbMéM npousBofHylo oT 06enx yacreit Gopmynsl (2):

(%)= ay +2ax+3a3% + ... +nax" "1+ (3)

Ioxcrasnsas x = 0 B popmyny (3), monyyaem f (0) = a,, OTKyAa ClIeAyeT, 4TO K03-
¢uument 1-ro nopsazka a; paset f '(0). Inddepennupys popmyny (3) nomyuaem:

f(x)=2ay+6ax+...... +n(n-1ax""%+... 4)

[opcrasnss x = 0 B popmyny (4), HaxomuM, 4T0 K03PPULMEHT 2-r0 NOpALKaA

|
a,=>f"(0).
Iuddepenunpys ganee hopmyny (4), monyyaem
f(x)=6as+ ...... +nn-1)(n-2ax"">+...,

OTKyfa K03 duimeHT 3-r0 mopsaaka

1 ...
a3 = gf (0).
IoBTopss onepauuio fuddepeHIMPOBaHNS 1 pas, IONYYaeM
ﬂ”)(x)=n(n— I)X...Xx2x1xa,+...

rpe f")(x) o6osnauaer muddepentmposannue byuximm f{x) n pas.
Taxum 06paszoM K03 PuIMeHT 1-TO OPALKA paBeH

1
an = —;l—r f(n) (O).

Boipaxxenne n! umraeTcs Kak «n (pakTOpMan» M COOTBETCTBYET BbIPaXKEHUIO
nxm-1)xn-2)x..x2x1.
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NOAOXEHUE HA
KOMMNAHULP

A KAK PA3AOXEHUE

AAAHO, C
BCTYNAEHUE 8 P3A TEUAOPA
HEMHOIO C8A3AHO
3ATGHYAOCD... C 3ATPYAHUTEABHDIM

ECAU OMMUCATb PACXOAbI
“BEPHEM KEMUIKA”

HA PEKAAMY 8 BUAE
PyHkuUl f(x), TO &
PACXOAbI HA HAWY FA3ETY
MOrYT 8biTb NPEACTABAEHDI
HAEHOM TPETLEFO NMOPIAKA
PA3AOXEHUG 3TOU PYHKULL
8 PAA TEUAOPA.

Mbl TOAbKO
8 TPETLEM
HAEHE?

wet

f(x) = gnoH TAUMC + KLUOAO
HbIOC + ACAFAKS TAUMC

BEPHO.

P>

TAKUM OBPA30M
AN “BEPHEM KEMLIKA”
KOAUHECTBO AEHET,
KOTOPbIE OHU TPATQT
HA HAC, AUWb MAAAG
UACTb BCEX PACXOAOR —
UAEH TPETLEIO NOPIAKA,
MOAYUEHHDIU NOCAE
AUPPEPEHULPOBAHUG
3 PA3A.

TAK KAK 3TO
HE3HAHUUTEABHAG
CYMMA AAQ HUX, TO
OHU, CKOPEE BCETO,
BYAYT NOAAEPXUBATD
HAC U AAADWE, AAXE
ECAU UM NPUAETCS U3-
MEHUTb TEXHOAOMUHO
NnPOL3BOACTRA.

C3KU-CAH, A KYAA
8bl XOAUAU
PACCAABAGTDLCY,

KOrAA pPABOTAAU
8 MABHOM
OPUCE?

SRR

HTEHIRE;

FAABA 5. U3YYAEM PASAOXEHVE B

P9 TEAAOPA!



NOCAE PABOTbI Mbl
C KOAMEMAMU
OBbIUHO WAU 8
nueHOU sAP, HTOEb!
norosoeutb
OB YAAUHbIX CTATbAX
U BOOBUE...

Mbl 3AKOHHUAU
3AECH HAWU
AEAL, TAK,
MOXET, NOUAEM

BbINbEM?

HY, Tbl AAEWD!
XOPOWO,
NOUAEM.

5.2. KAK MOAYHYUTb PASAOXEHUE B PSA TEAAOPA




nPUGTHAG

YX Tbl.
B8CE 2TU AHOAU
XYPHAAUCTDI?

A 3TO HAKATA-CAH,
NMPOSPECCUOHAABHbIL
AUBAUHEP.,

CMOTPU-KA, 3TO XE
Uwu3YkA, POTOMPASP,
CAMbIL MOAOAOL
OBAAAATEAD GMNOHCKOU
HAMPAADLI POTOMPASPOS.

OCTAAbHbBIE PEBITA
3AECb — U3 CAHAA

CcuTu nocr.
32U, UCHUCAEHUE-CAH,
AABHEHDKO TEEG KAKOE CTPAHHOE UHTEPECHO,
CMOTY AU G
HE BUAEALL nPO3BLILE!

' MOHATb UX
NPUCOEALHALICA. HO OHO TOHYHO ~
HOAXOALT. NPOPECCUO

' HAABHYHO

BECEAY?

ucHucAeHue-
CAHI?

3TO 8CErO AUWb TPEN

HABEPHOE, MHE
MYXHUH CPEAHETO

Y BUTTEPMEHA TOXE CTOUT
HEAABHO neouTuU BO3PACTA!
OBHAPY XUAU CElMAC MEAOCMOTP
AUABET. 8 BOADHULE U3-]\ 8 sAUNXALWEE

3A 8blcOKOro BPEMS.
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Mopmyara pasroxenus B pag Teiiropa

®ynxuus fix) packnappiBaercs B pap Teitnopa Bomusyu Touku x = 0 mo gpopmymne
| 1 ... 1
fix)=f0) + 5 f O)x + (0)x2+§Tf 0 + ... +mf(")(0)x2+ ey (52)
rae
£0) wieH 0-ro nopsifKa (KOHCTaHTa) ay = fl0);
f0)x 4jIeH 1-To nopsaxa a, =f(0);
QIT £7(0) £ YjieH 2-T0 MOpAfKa a,= % f7(0);
| 1 ..,
3 f(0)x*  umen 3-ro mopsaaxa a3=7 £7(0).

3abyzem Ha BpeMs ITpO YCIOBUSA pasioxkeHus B pAf Teitsopa u po KpyT cXoAMMO-
CTH ¥, MCTIONb3YA 3TO pasyioxeHMe, mpoBepuM popmymy (1) Ha ctp. 151:

1 , 1 ., 2 i 6
Q=g S0 =g S W =g S0 = g

f0)=1, f(0)=1, f(0)=2, f(0) =6, ..., f20)=n, ...

Takum obpasom, umeeM

f) =) + 1 O)x + 35 f O + O + .+ fOO .. =

1 1
— —— e ' n -
=ltx+— X 22 + — 3 X 67+ .. ol oHu q
COBMAAAROT! @’

=1l+x+x2+X+ ... x4+

\

J

\

3TA POPMYAA FBAFETCI MHOMOHAEHOM BECKOHEHHOLU CTENEHU U

Gk UCMOABL3YETCI AAG TOHHOIMO PA3AOXEHUG 8 TOHKE x = (). HUXE
0@ NPUBEAEHA POPMYAA AAG PASAOXEHUG 8 NPOU3BOALHOU TOYKE X = a.
ANG EE NPOBEPKU HALO BbINOAHUTL YNPAXHEHUE HA CTP. 176/ y

f6)=f@+ 1 f @ -+ 5 @ - af+

b f @ - aP o @) (- )

PABAOXEHUE 8 PIA TEUAOPA IBAGETCS MPEBOCXOAHDIM
UHCTPYMEHTOM AAG MPEACTABAEHUG PYHKULL/

5.2. KAK MOAYYUTb PABAOXEHUE B PSA TEMAOPA




aanoxeuue B pAR Tei’mopa 1IyHKI.l.HH f[x] =1+x

1 1

fo) =VTax=(1+ 0" f () = %(1”) 2 ¢ (x)=-7x : (1+x)'3/2

cn_ L1 i 502 - i

J70) =X X (125 f0) = Lf 0 f - f 0=7
11 (1 1 i

V1+x= 1+7x+—i‘—x(——)x +?x ?x +. ‘Jl+ 1+ x 3 xv+\ x

PasnoxeHue B pap Tednopa mokasatenbHoii PYyHKL MM e*

f) =& f) =& f ) =& f () = €, ..

i 1 1 1 1,
e"-1+1! 2x+3'x +4'x+ +n!x"+...

8 MAABE 4 Mbl Y3HAAU, UTO
HUCAO e PABHO NMPUMEPHO 2,7.
3AECHb Mb! NOAYHUAU 8bIPANXEHUE

1 1 1 1 1 AAG 8bIHUCAEHUG EFO TOUHOIO
e=l+—+—+—+—+...+—+... IHAUEHUG,

IlopcTaBnas x = 1, nony4aem

TS TR TR !
Pa3snoxenue norapupMu4eckon ¢yHxumu In (1 + x)

fx)=In (1 + ), f'(x)-llTx—(Hx ) =1+ 0 ) =20 427,
£ =61+ %) e O =0, O =1, f(0) =1L, f(0) =2, f(0) = -3,

1 1
In(1+x)= 0+x—7x +—37 2x3 ——3'x +.

' SRS TONC SN SN S n+1___ ‘
ln(l+x)-x- y Xtk a T cH(= 1) x" +ﬁ

Paanoxenue B pap TeAnopa TPUrOHOMETPHYECKHX YHKLMIHA

fix) =cos x, f(x) =-sinx, f'(x)=-cosx, f"'(x)=sinx, f""(x) =cosx, ...

A0) =1, £(0)=0, f'0)=-1, f(0) =0, f(0) =1,.

= _l l l 4 - I 4 P
cosx=1+0x- 1x2+3! 0x3+4!1x +... cosx=1- x2+ x‘q. +( 1) (Zn)!xznf

AHamornyso

xZ"' :’ 2,

Zivan ] 1 1
smx-x-—-§!~x3+§~x5+ +(I)"

n 1)‘
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PA3NOXEHUE 8 PG4 TEUAOPA NMO3BOASGET 3AMEHUTD
CAOXHYHO PYHKUUKO MHOMOUAEHOM, AONYCTUM, TEBE
HALO HAPUCOBATDL MPAPUK In (1 + x), KAK 3TO CAEAATD?

UTOEbI Y3HATb NMOBEAEHUE CAOXHOU PYHKULIL,
HAAO AMMNPOKCUMUPOBATL EE BOAEE MPOCTbIMU
PYHKUUGMU, TAK BEAL?

UTOBbI MOHATb, HTO HAM AAET PASAOXEHUE 8 PG4 TEUAOPA,
BOCMNOABL3YEMCSI POPMYAOL U3 MPLUBEAEHHOIO BbIWE MPLUMEPA
1 3

e Lo s 1
In(1+x)=x 2x2+3x 4x+...

KyBuyeckoe npubnuxenue

! JinHeiHOe TpUBnnXeHe |

el 151,
In(l+x)=0+x-——x*+—x——x*+...
- 2

| 3 4
TIpuBAKXeHne
0-ronopaaka

KBappatuyHoe puBnuxenne

B0-NEPBLIX, MPUBAUXEHUE 0-FO NOPIAKA AAET
In(1 + x) = 0 gsAU3U x = 0. UTO 3TO 3HAHUT?

MM..., HY... 3TO 3HAHUT, 4TO 3HAHEHUE f(x) PABHO 0 rPu
x =0 U rea®uk f(x) nPoxoAuT uepes Touky (0, 0).

( GEPHO. AMMEE UAET AUHELHOE
MPUBAUNKEHLE, KAK 8UALIWD,
UCCAEAYEMAG PYHKLILIG
¥ = f(x) HEM-TO HAMOMUHAET y = X
8BAU3U TOUKU x = 0. 3HAUUT,
PYHKUUG BO3PACTAET MPU x = 0.
KAK Mbl YXE 3HAEM, AUHEUHOE
MPUBAUNEHUE GBAGETCS YPABHEHLEM
KACATEADHOU 8 PACCMATPUBAEMOL

TOHKE. d
\ J

54. YTO AAET PABAOXEHUE B PS4 TEMAOPA




TENEPb NEPEUAEM
K KBAAPATLUHHOMY
NPUBSAUNXEHUIO,
PACCMOTPUM MPAPUK

ln(1+x):=x——;—x2

8 OKPECTHOCTU x = 0.
HOPLKO, UTO 3TO 3HAHWUT?

3TO 3HAHUT, HTO 8BAU3U TOHKU X = 0 PYHKUUIO y = f(x)
MOXHO AMMPOKCUMUPOBATD PYHKULEL
1
y=x-— 2,
MPAPUK KOTOPOU OMHYT 8HU3 neu x = 0. TAKUM
OBPA30OM, KBAAPATUHHOE MPUBAUNXEHUE NO3BOAGET
HAUTU, KAK U3OTHYT MPAPUK 8 TOUKE PA3AOXEHUG 8 PIA.,

~

U NOCAEAHUL PbIBOK —
KYBUHECKOE MPUBALKEHUE
geAU3U x=0

1 1
ln(1+x)=x——2—x2+?x3,

KOTOPOE MO3BOASET
YMEHDWUTb OWwuUekY
K8AAPATUHHOIO
MPUBALKEHUG.

A TENEPb, CIKU-CAH,
UAEM 8 CAEAYHOWUL BAP!

FAABAS. W3YYAEM PASAOXEHUE B PS5 TEWAOPA!




AA, BO3MOXHO,
HAM HAAO 8bIAO
CPA3Y MOUTU
CtO4AA, OAHAKO..

3AECH AYUWE! 8 3TOM
FOCTUHUUHOM BAPE

Mbl MOXEM MOBOPUTH

CNOKOUHEL. ‘

&A1 - Wakpun’
RPUA- G\~ (| e o
fexrungsleein

HY, OHU 8CE 8bIFAGAEAU

~T0l MOTAA ebl TAKUMU BbIAAIOULMUCY., HO SAHEM @bl
MOroeoPuTb CMIPAWLIBAETE MEHG
g UYBCTEOBANA CESSY,
NOEOAbIWE CAK ob1 5TO CKABATH OF 2TOM, CIKU-CAH!P
C PEEITAMU '

8 MUBHOM EAPE. HE 8 CBOEU TAPEAKE.

AA, OHU FBAGHOTCS

U3BECTHbIMU .HO @ MOry
AOADMU U UMEHOT C YBEPEHHOCTbIO
XYPHAAUCTCKUE CKA3ATb, HTO OHU
HAMPAADI.. YBAXAIOT TEEBS.

5.3. PA3AOXEHME PASAMYHBIX PYHKLUWM B P94 TEMAOPA




KAK 8bl MOXETE &blTb
CHACTAUBDI, PABOTAG
8 3TOM 3AsPOWEHHOM
OTAEAEHULP

BAWA PABOTA
CTAAA TAKOU
HE3HAUU-

TEABHOU/

UHTEPECHO, KAKOBA
B8EPOITHOCTb TOO,
HTO @ KOrAA-HUsYAb
CTAHY TAKUM XE
NEPBOKAACCHDIM
XYPHAAUCTOM, KAK
TE AHOAU 8 MUBHOU.

N

i;’v

o

2R % o € I Ny
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Ell 8OAbWE
HE HAALBATD.

ECAU BCE, UTO TEEG
BOAHYET, — 3TO B8EPOITHOCTb
CTATb 8EAUKOU, Tbl HUKOrAA
HUKEM HE CTAHELWD.,

Tbl HULEMO HE AOEBbEWbLCS,
ECAU BYAEWDb NPOCTO
HEMO-TO AOXUAATbCS.




XOTG 8 BAPE OHU
BOATAAU O MAYMbIX
BEUWAX..

_HA CAMOM AEAE OHU OHU MPOCTO AEAAKOT TO, YTO
NPUKAAABIBAIOT XOTGT AEAATH. HUKTO U3 HUX
HUKOrAA HE CAACTCS

HEBEPOITHDLIE YCUAUG,

PABOTOL.

KAK 8CE
370
[PYCTHO.

80T HTO,
norogoPum
O BEPOGTHOCTU/

KOHEYHO! @ T8Ol
UTO? HEYXEAU Mbl YUUTEAD, A Tbl —
BYAEM YUUTbCG 8MNOAHE
AAXE CEUUAC? NPOABUHYTAG
YHEHUUA.,

5.3. PASAOXEHME PASAMMHBIX PYHKUMA B PSA TEAAOPA




AAQ ONUCAHUG
BEPOGTHOCTHDIX
COBbITUll AOB0ALHO
UACTO UCMOAB3YETCS
HOPMAABHOE
PACNPEAEAEHUIE,

U3BUHUTE. OH
COEUPAETCI MHOIO
MUCATb. HE MOIAU &bl
g8bl AATb NMOsOAbWE
NOACTABOK?

3TO PACINPEAEAEHUE
OrUCDBIBAETCS PYHKULEU
NAOTHOCTU 8EPOITHOCTU,
KOTOPAG C TOUHOCTLIO AO
MOCTOGHHOMO MHOXUTEAS -
UMEET 8UA

flx)=e
KAK BUAHO U3 PLUCYHKA,
FPAPUK f(x) CUMMETPUHEH

OTHOCUTEABHO OCU. y U
MOXOX HA KOAOKOAbHUK,

8 PUHAHCAX
CHUTAETCG, HUTO
MHOMUE BEPOITHOCTHDIE PEHTABEALHOCTD
ABAEHUG ONUCbLIBAOTCS KAMUTAAA TOXE UMEET
HOPMAABHBIM HOPMAABHOE
PACTNPEAEAEHUEM, PACMPEAEAEHLE.

HAMPUMEP, POCT AOAEL

UAU XUBOTHbIX, HEKOTOPDIE 8UAbI

ATTECTAULU CTYAEHTOB
TOXE OCHOBAHDI
HA HOPMAABHOM

BKAHOHAG U PACNPEAEAEHUU, TAK KAK
NOrPEWHOCTLb EMY HACTO MOAHUHGHOTCG
U3MEPEHULI PE3YADTATLI 2K3AMEHOS.
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KAK Tbl YXE
AOFAAANACD,

g LUCNOAL3YHO
PA3AOXEHUE 8 PI4
TEUAOPA, UTOEbI
NOKA3ATb, UTO
NOAKUADbIBAHUE
MOHET NMOAHUHIETCS
HOPMAALHOMY
PACMPEAEAEHUIO,

BEPHO, XOTG Mb!
HE AYMAUTE, HTO HE 3HAEM, KAKOU
Q9 COBCEM [AYNAG. CTOPOHOU YNAAET
210 1/2. MOHETA, HO 3HAEM, HTO
BEPOITHOCTb
BbINAAEHUG KAXAOU
CTOPOHbI PABHA 1 U3 2,

UTAK, KAKOBA
BEPOITHOCTDL
8bINAAEHUG “OPAA"?

BEPXHUL MPAPUK OTPAXAET
B8EPOITHOCTL BbINAAEHUG
“OPAA" NPU OAHOBPEMEHHOM
NMOABPACDLIBAHULL 20 MOHET.

13579 1113151719

Yucno Boimagennit «opna»
npu nopépacsiBanuy 20 MOHeT
61IHOMUA/IbHOE pacIipefe/icHNe
( P peR ) 0O, OH NOXOX
HA MPAPLK BHLIZY.
0,5 1 -0,5x2
’ f)=—=e""
0.4 \2n
0,3 / \
0,2
0.1 / \ AA, OH NPAKTUHECKU
’ / \ NOAHOCTbHO
0 o L, COBMNAAAET
4 -3 9 _ C MPAPUKOM
4-3-2-101 2 3 4 HOPMAADHOIO
HopmupoBanHOe HOpMaibHOE paciipefienieHNe PACTPEAENEHUG.
\ y4
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BEPOITHOCTb
BbINAAEHUG X “OPAOR’,
neu OAHOBPEMEHHOM

8 CAMOM AEAE, ECAU Mbl \ \ \ \ \ ~
SANUWEM PYHKULIKO
gn(x), sblPAXAIOWYIO _

NOABPACHIBAHUL ' 2
1 MOHET® U YCTPEMUM 1 ( ‘ - Z
K BECKOHEUHOCTL... z
Ele— ——

.TO YBUAUM,
OH YXE MUCAA 3TO uTO g(x) NPO-
YPABHEHUE! HE HAAO NOPULIOHAABHA
g LCMOAL30OBATL AAG PYHKULL
3TOr0 A8t NOACTABKU. HOPMAABHOIO
PACNPEAEAEHUS,

* PacnpepeneHve BepOATHOCTM BbINaAEHUA x OPNOB NPN NOAGPACHIBAHNM 11 MOHET NOAYNHAETCA GUHOMUANbHOMY pac-
npegenexuio. Hanpumep, HangEM BEPOATHOCTb BbiNageHUs 3 «<OpNoB» Npy NOA6PackiBaHWM 5 MOHET. BepoATHOCTD Bbina-
neHna kombuHaymn OOPOP (O — «opnbi», P — «pewku») paBHa
1 1 11 1y

TXTXTXTXT=(T .
Tak Kak 41cno KoMBuHauwii ¢ 3 «opnamm» 1 2 «pelikamu» PaBHo sC;, TO BEPOATHOCTb BbinaaeHua 3 «opnoB» byaeT pasHa
5C; (1/2)°. B obwem cniyuae BEPOATHOCTb BbiNafeHUA x «OPAOB» NPV NoAGPacbiBaHNM 1 MOHeT ByaeT pasHa ,C, (1/2)". Mo-
KaXkeM, UTo eCnivt n BENUKO, To GUHOMManbHOE pacnpeaeneHne CTPEMUTCA K HOPManbHOMY PacnpeaeneHuio.
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ucnoAb3yg
BUHOMUAABHOE
PACNPEAEAEHUE...

=3 (‘zL)n-l

) an (‘%)n

MOXHO 3AMUCATb
£,(X) CAEAYHOWUM
OEBPA3OM.

TAK KAK PYHKUUG
HOPMAABHOO
PACTIPEAEAEHUG f(x)
CUMMETPLILHA
OTHOCUTEABHO x =0,
A gn(x) -
OTHOCUTEABHO x=1/2..

.HUCMOAL3IYEM AAG
HOPMUPOBAHUG PYHKUULO

CHAUAAA...

LPA3AEALR
gn(x) HA g, (n/2).

9"(1J"9n(?)" n(1)

WIOAYHAEM
BbIPAXEHUE
09 ,C,.

n!

N
nCZ'Z!(n—Z)!,nCQ @

2
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TAK MHOIO...
ucnopPHeHHbIX
NOACTABOK..

TENEPL 3AMEHUM

Vn
EAUHULY HA —2—,
TAK KAK UEHTP HAXOAUTCG

n
8 TOUKE x = 7

FAABA 5. M3YYAEM PASAOXEHME B PS4 TENAOPA!

AL 270
2

CTAHAAPTHOE OTKAOHEHUE,
ECAU Tbl HE 3HAKOMA
CO CTATUCTUKOU, NPOCTO
BOCMPUHUMAL 3TO KAK
MAUHECKUE
CAOBA!




.Mbl 880AUM
HOBYHO
NMEPEMEHHYHO Z,
PABHYHO HUCAY
CTAHAAPTHDIX

OTKAOHEHUL
OT UEHTPA,

ApPYrumu
CAOBAMU..,

AANEE 3AMEHIEM 8 h,,
X HA

n  \n

x=7+72
u..

AOTAPUPMUPYEM®

fm l’\h(ﬁ
= fn (8)14 fn(3)1~ 0 (545 )1 I3 B

TENEPDL
HAM HYXHO 3TO
NOCHUTATb, HO,
MOXET, NOUAEM
8 APYIOU sAP?

* NorapudpmmnpoBaTb MOXHO MO NHOHOMY OCHOBAHUIO.
Mol ncnonb3yem HaTypasnbHbIN norapudm u Gopmynbi:

Inab=Ina+Inb

d
In——=Ind -Inc.
4
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CNACUsO
3A noactasku/
Mbl YXOALM.

AYMAKO, @ AOAXEH
PAAOBATLCY, UTO
EWE UTO-TO
OCTANOCD...

HY UTO, NOWAU?P

TTO3UTUBHO
MBICAGUNN

Hajiném npubmxenne s In (m!):
Inm'=Inl1+In2+In3+..... +Inm. ’ Hnomam:,:lnm\_’ )i=1nx
Ecniv bl cnoxum mmomaam 3akpa- vt
LIIEHHBIX NPSIMOYTO/bHUKOB Ha rpaduke "'"'

0% Y

In x, To monyunm

m
In2+... +lnmzf 1n xdx.
Tak xak !

ln m

(xInx-x) =lnx+xx—i—-— 1=Inx,

TO, UCIIOTIb3YSl OCHOBHYIO TEOPEMY MHTe-
TPUPOBaHMUA, MOXKHO 3aIIMCaTh

m-1 m

m
[ Inxdx=(mlnm-m)-(1lnl1-1)=
1
=mlnm-m+1=m(lnm-1)+1
Hac unrepecyior 6onbiuye 3HaueHns m, A1 KOTopbix In m >> 1. IToaTomy, npene6pe-

raf 1, monyyaem Clefyouiyio npuénmxéun)fro dopmyny:
Inm'=mlnm.
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HY AAAHO, AABAU YX

3AKOHHUM 3AECD! BbICTPO BEPHUTE
ECAU Mbl LUICITOAB3YEM HAM NMOACTARBKU.
MPUBALNEHLE i ox!

In m! ~mlnm,
TO MOAYHUM:

[ bt 30338 -(3 B (56 (52

HocnesaMeHmln(%+@ )-ln{ > (1+£z)]=ln%+ln(l+gz)

M TOXITECTBEHHBIX HPCOGPaBOBaHI/IV[ nonyvaem:

b buto~~[(8+530 (+R2)+(3-F2)a (-52)]

A 8OT TEMEPL

UCMOAB3YEM

PA3NOXEHLIE
8 P9A TEUAOPA,
KOTOPOE Tbl TAK
XAEWD.

HUYETO G
HE XAY.

BO3bMYT

nx. B
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neu CTPEMAEHUU ¢ :
K HYAHO MOXHO
3ANUCATb

TENEPDL, U3 TOrO, UTO

n o1

n \n
CTPEMUTCG K HYAHO, ECAU N
- AOCTATOHUHO BEAUKO,
MOXHO CUUTATb, UTO AAG
AtOBOIO KOHEUHOMO
3HAHEHUG Z 8bIPAXEHUE
\n
—2z
n
TAKXE CTPEMUTCSG K HYALO,

* KBagpatuuHoe npubnuxeHue, cm. cTp. 159.

8 PE3YADLTATE:

NOACTABAGEM
2T0 8 HAWE
BbIPAXEHUE U
MOAYUAEM:

TAABA 5. U3YYAEM PASAOXEHVE B P94 TEMAOPA!




UTAK, Mbl MOAYHUAU, HTO

Inh, (x) ~ - —;— 2,

OTKYAA NOCAE
NOTEHUUPOBAHUG
CAEAYET

NPU PA3AOXEHUL HATYPAABHOIO AOTAPLUPMA 8 PG4
TEUAOPA Mbl OFPAHUMUALICH TOABKO HUAEHAMU AO 2-FO
NOPIAKA. UTOBbI YEEAUTLCG 8 TOM, HTO OCTAABHbIE
UAEHDI MOXHO HE YHUTbLIBATD, HAAO 8blHUCAUTL h,(X),
UCMOAB3YS NPLBALINXEHLE

| 1
In(+)=~t-—~Fr+—~.
(1+1) 5 3
TOrAA Tbl YEUALIWD, UTO HAEH Z* UMEET n

8 3HAMEHATEAE CBOEMO KO2PPUUUEHTA, A 3HAHUT
CXOAUTCA K HYAHO U UCUE3AET NMPU 1 - oo,

A TAE EWE MOXHO
MPUMEHATD
HOPMAABHOE
PACMPEAEAEHUE
KPOME
NOAEBPACHIBAHUG
MOHET?

5.3. PASAOXEHME PASAMYHBIX PYHKLIMA B PAA TEAAOPA




Tbl HTO, ONATb XOHEWb
MPUMEHUTD MATEMATUIKY
K AHOBBUP BEPOGTHOCTL
MOXET MPUMEHATLCS
TOABKO K HEMNPEAHA-
MEPEHHbIM U HUCTO
CAYHAUHbIM
QBAEHLIGM. KAK HACUET cAYUAS
HEHAGHHOU U
yucTou AOs8U?

3T0 HE
OBCYXAAETCY!

CAYWAL! ECAU Mbl NONPOBYEM
O4EHb MPYBEO AOMNYCTUTD, UTO
GBAEHUE, KOFAA ABOE AHOAEL
BAKOBAGHOTCE, 2TO HTO-TO
B8POAE HABOPA PE3YALTATOB
NOAKUADIBAHUG BECKOHEUHOMO
HUCAA MOHET..

UTO X, TAK KAK Mbl
ONPEAEAUAL, HTO
PACNPEAEAEHLE
PE3YALTATOB
NOAKUADBIBAHUG MOHET
NPUBAUXKEHHO PABHO
HOPMAABHOMY
PACNPEAEAEHUIO, HET
HUYEMO YAUBUTEALHOIO,
UTO HOPMAABHOE
PACTPEAEAEHUE MOXHO
MPUMEHUTD U 8 BONMPOCAX
ArOEB8U.

nPABAA?

FAABA 5. U3YYAEM PASAOXEHME B PSA TEMAOPA!




BEPOITHOCTb
NMPUMEHUMA TOABKO
AAG HETOUHDIX GBAEHUL
BE3 KAKOU-AUBO
NMPEAHAMEPEHHOCTU.
U3BUHU, UTO @ TAKOU
NEAAHTUUHDIL,

HO!

HO, C3KU-CAH,
MPEANOAOXUM, HTO
OAHA HEBUHHAG
AEBYWKA..

ongTb Tbl 3A CBOE!
MOYEMY Tbl HUHETO
HE CAYWAEWL?

.\.1 .

5.3. PASAOXEHUWE PASAUYHBIX PYHKLIMA B PSA TENAOPA




a VTPAXHEHMG K TAABEE

1. Haiitu pasnoxenne B pag Teitnopa ¢pynxuuu fix) = e™ mpu x = 0.

2. Hatitu xBagpaTiyHoe npubmmkene f (x) = npu x = 0.

COsXx

3. BoiBecTit popmyny pasnoxennus B pap Teitnopa GyHKumy f(x) c HeHTPOM B TOUKe
X = a, KOTOpas npuBefieHa Ha cTp. 157. [Ipyrumu cnoBaMu, Hajio HaiTH 3HAYEHUA KO-
3¢ ¢uineHTOB a, B popMmyre

f(X)=ao+al(x—a)+az(x‘a)2+ """ +ax—a)"+...

FAABA 5. U3YYAEM PASAOXEHME B P94 TENAOPA!
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UTO CAYHUAOCH?
8AC nogblcUALP
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HO 8bl CAMU
rO8OPUAU MHE:
‘BCIKOE AELCTBUE
UMEET €80tO
nPUHLHY.”

8bl YUUAU MEHSG
KAXADIU AEHD!
MHE AAXE
CHUAUCDH KOWMAPDI
neo 310!

MPUHUHA U AELUCTBUE..,
KOHEUHO 9 MOMHIO 3TO.
Mbl FOBOPUAU OB 3TOM HA
OAHOM U3 MEPBLIX HAWUX
YPOKOB.

TOrAA Mbl
UCCAEAOBAAU
DAEMEHTAPHDIE

PYHKUUU, ¥ KOTOPbIX
BblAU MPUHUHA
U AEUCTBUE.

TAKAG C833b
MOXET ©&biTb
BbIPAXEHA...

.8 BUAE AUATPAMMDI
B8POAE 3TOL.

HO 3TOT NEPEROA
HAMOMHUA MHE,
UTO MUP BCE XE

HE TAK NPOCT.

G MOAAMAKO, MOU NEPEXOA
8 MABHbIU OPUC FBUACG
Ab, YX.., PE3YABTATOM COBMECTHOIO
AEUCTBUG HECKOAbKUX
NPUULIH,

6.1. PYHKLUMU HECKOABKUX NMEPEMEHHBIX




3TO MOXET
BbITb
BbIPAXEHO... x -

80T TAKUMU
AUACPAMMAMUL.

8 CAYUAE C HOPUKO X, —
OwuskU 8 NPOWAOM MECIUE,
] | X2 — Owlsku 8 3TOM MECILIE,
s | X U xy — HEAOCTATOUHDIL [:

YXO4 U FUrueHA, KOTOPbIE
HY, 9 EWE HE MPUBEAU K y — MNOHUXE- /.
AHAKO MPLIMUH HUKO AO HAMUCAHUG
MOEO HEKPOAOIO8.

NEPEBOAA. XA-XA-XA!

8 CAYUAE C3IKU-CAHA

X — 3TO MUCATEAbCKUL
TAAAHT, y — BECMPU-
CTPACTHbIE OTHUETD,
A Z — NEPEXOA

8 MAAgHbIU OPUC.
TAK?

BATKHUCE,
MONUANNBEIA

AAAHO, XBATUT,
BU30OH!

HOPUKO. Y HAC
OCTAAOCb HE TAK
MHOIO 8PEMEHU.

AAgAl NOEbICTPEE
3AKOHHUM
U3YUEHUE OCHOR.

T'AABA 6. U3YYAEM YACTHBIE MPOU3BOAHBIE!




HA CTP. 180 4Q NPUBEAY TEEBE

HA AEEOU HECKOAbKO MPLUMEPOR
AUATPAMME PYHKUUL, UMEFOWLX
3AMNUCAHA no AGE MPUHUHbI, U
PYHKUUG NO3TOMY HA3DIBAEMbIX
z=g(x,y), PYHKULIGMU ABYX
A HA NPABOU — NEPEMEHHDIX.

y=hx, X %3, %0). S\ = S

...........
............
............
.......

.................
...............
...............
.........

TMpuMep 1
BricoTa Tena, GPOIIEHHOrO BBEPX CO CKOPOCTHIO U, Yepe3 BpeMs t 3a/laéTca ByHKImeit
h(v, t) = vt — 4,9 [m].

TMpuMep 2
KoHLeHTpanusa caxapHOro cupora, IoNMy4eHHOT0 pacTBOPEHMEM Y TPAMMOB Caxa-
pa B X rpaMMax BOJbI, 3a/1a€TcA QyHKIMEl

__J
flxy) = pay x 100.

TMpuMep 3
O6uiee KomMyecTBO MpouU3BOAMMBIX ToBapoB Y (BBII — BanoBoit BHyTpeHHMI

TIPOAYKT) sABNAeTcA QyHKIMelt obIero komriectBa obopyaoBanus u craHkoB K (Ha-
3BIBa€MOTO KaluTa/oM) 1 konudecTBa pabounx L — Y(L, K).

8 SKOHOMUKE LCTIOAb3YETCS
MPUBALKEHHAG PYHKULG KOBEA-AYMAACA
Y(L, K) =BL°K'™% FAE a U B — KOHCTAHTBI.
cMOTPU TP, 201.

TipuMep 4

B ¢dusnxe nasnenne upneansHoro rasa P, ero 06bém V u Temneparypa T cBsi3aHbl
Mexny co6oit byHKImel

T(P, V) = yPV.

6.1. PYHKUMN HECKOABKUX MEPEMEHHbIX




.........................................

) AVHEVHbIE PYHKLIMN HECKOAKX EPEMEHHBIX

e lataa ettt BEPHO, HO, TAK KAK TENEPL Y HAC
PYHKUUG ABYX NEPEMEHHDIX, TO
LUCNOAB308ATb BYAEM UCNOAB308ATb AUHELIHbIE
NPEACTABAEHUE PYHKUUU ABYX MEPEMEHHDIX.
8 BUAE AUHEUHbIX
PYHKUUL?

KAK Tbl AYMAEWD,
UTO HAAO CAEAATD
ANG UCCAEAOBAHUG
€80UCTE PYHKUUU
ABYX NEPEMEHHDIX?

AUHEUHDIE PYHKUUL ABYX

MEPEMEHHDIX 3ANUICBIBAIOTCS
kak z=f(x,y) =ax+ by + ¢,
rAE a, buc—
KOHCTAHTDI.

| z HAMPUMEP,
=2 [ z=3x+2y+1

1 f =ax+by+c uAu
y=2 z=-x+9y-2,

] NOHGTHO?

TENEPL AABAL NOCMOTPUM, CTOABLK?

HA UTO MOXOXU UX MPASPUKLU. NPEACTABD CEBE
TAK KAK Y HUX ABA MAPAMETPA PLCYHOK
HA BXOAE (x U y) U OAUH HA HA KOTOPOM
8bIXOAE (z), ECTECTBEHHO NAOCKOCTb
UCMOAL30BATL TPEXMEPHDIE x—y — TOA,
KOOPALHATbI. A OCb z — CTORs,

TOUHEE CTOABLK.

FAABA 6. W3YYAEM HYACTHbIE MPOM3BOAHBIE!



HTO-TO
HE TAK?

2. HET,
HUHETO.
MPOAOAXUM,

CMOTPU, TOUKA P

€ KOOPAUHATAMU
(2,3,5) — 310

BEPWUHA CTOABUKA

gblcoTOU 5, CTOQWErO

HA NOAY 8 TOHKE

€ KOOPAUHATAMU (2, 3).

z P(2,3,5)

g

KAK Tbl AYMAEWb, HA
HTO NOXOX MPASPUK
AUHEUHOU PYHKUUU
ABYX NEPEMEHHDIX

z=f(x,y)=ax+by+c?

AAG MPUMEPA
HAPLICYEM FPAPUK
z=f(x,y)=3x+2y+ L

CNEPBA PABMECTUM CTOABLIK 8blcOTOU
f(1,2)=3x1+2x2+1=8 8 TOUKE <
(1, 2) HA NOAY U CTOABLIK 8bicOTOU
f(4,3)=3x4+2x3+1=19 8 TOXKE
(4,3).

* [ina ynpoueHna 34ecb yKasblBaloTCA ABYMEPHbIE KOOpAUHaTbI (4, 3) BMecTo TpéxmepHbix (4, 3, 0).

6.2. AMHEWHBIE PYHKLMUM HECKOABKMX MEPEMEHHBIX




AHAAOIUHHDIM OBPA3OM

NOCTPOUM EWE 16 CTOABLKOR
8 16 TOHKAX (x, ), YAOBAETBO-
PArOWUX YCAOBUGM 1<x<4 U

1 < y < 4. OHU MOKA3AHbI
HA PLCYHKE.

20f
15

10

ECAU NOCMOTPETL
HA PLUCYHOK
BHUMATEADHO, TO
MOXHO 3AMETUTD, HUTO
BEPXYWKU CTOABLKOB
HAMOMUHAIOT
NAOCKOCTb, TAK?

4 AA, @ BUXY 3TO!

TEMEPb B3MAGHU
HA CTOABUKU
HA BAUXAUWEL
CTOPOHE,

OHU UMEHOT 8bICOTHI
(1,1)=6, f(2,1) =9,
f(3,1)=121i f(4,1) = 15.

2TU TOUKU COOTEET-
CTRYHOT YPABHEHUIO
NAOCKOCTU 8UAA
z=f(x,y) =

=3x+ 2y + 1, KOTOPOE
neu y =1 NPEBPAWAET-
C9 8 YPABHEHUE NPg-
MOU AUHUL

z=f(x,y) =
=3x+2x1+1
=3x+3

AAMNEE AABAL MO-
CMOTPUM HA 8bICOTY
CTOABLKOB, PACINOAO-
XEHHDIX 80 8TOPOM

paay: f(1,2) =8, 20
f(2,2)=11,
f(3,2)=14u 15

f(4,2) =17. kaxabit
U3 HUX HA 2 BblWwE
CTOABUKA U3
NEPBOrO PIAA.

AHAAOTUUHO 8bICOTbI CTOABLIKOB U3
3-ro pa4A (f(1,3) =10, f(2,3) =13,
f(3,3) =16 u f(4,3) = 19) TOXE HA 2
8bIWE CTOABLIKOB U3 NPEAbIAYWErO
2-FO PIAA,

FAABA 6. U3YYAEM YACTHBIE MPOU3BOAHBIE!




.HTO BEPWUHDI
CTOABUKO8 OBPA3YHOT
MAOCKOCTb. TENEPDL
nornePoOsYEM OsOBWUTD
27T0.

OCTAAbHDBIE PG4I
TAKXE HA 2 8blWE
MPEAbLIAYIWUX PIAOS,
U3 UEFO CAEAYET..

U30BPA3UM MAOCKOCTb, NPEA-
CTABAGHOWYIO PYHKULIO f(X, y).
HAUHEM 8 TOUKE O, KOTOPYIO
Mbl 3HAEM KAk (0, 0, 0), uAu
HAHAAO OTCHETA. U3 HEE nPO-
BEAEM OTPE30K OA, COOTRET-
CTYHOWUY PYHKUUU Z = ax,
MOAYHAEMOU U3 f(x, y) NPUPAB-
HUBAHLIEM yK HYAHO U LUMEHO-
WELU HAKAOH a. AHAAOIUUHO
cTPOUM OTPE30K OB,
COOTBETCTRYIOWUL PYHKLUL

Z = by € HAKAOHOM b, NOAYUA-
EMOUI MPLIPABHUBAHUEM X K HY-
MO, 3TU ABA OTPE3KA U ONPE-
AEAGHOT MAOCKOCTb PYHKUUL
f(x, y). uTOBbI EE NPEACTABUT,
HAAO MDBICAEHHO HATGHYTb
NPOCTBIHIO MEXAY NMPIMbIMU
OA u OB. Touka C Ha 3TOU
NAOCKOCTUY, MPUHAAAEXAWLAG
napAAMeroreammy OACB,
UMEET 8bICOTY ax + by.

CHAUAAA HAPLICYEM
MPAPLIK PYHKULIU
z=f(x,y)=ax+ by
(KOHCTAHTA ¢ = 0D

UTOBb! NOAYHUTL MPASPLIK
¢ YUETOM KOHCTAHTbI
(COOTRETCTaYHOWUL
PYHKUUU Z = ax + by + O,
HAAO MPOCTO MOAHATL
MAOCKOCTb HA BEAUHLHY C.
ToukA O HA HAWEU
MAOCKOCTU TENEPL
g (0,0, c), TOHKA A UMEET

gblcoTyY (ax + c), U TAK
AMAEE.

6.2. AMHEVHBIE PYHKUMMU HECKOABKMX MEPEMEHHbIX




HOPUKO!

AABAL HA 3TOM
3AKOHUUM CEFOAHA.
KAXETCS, Tbl HE O4UEHD
COCPEAOTOHEHA
HA HAWEM YPOKE.

MHE EWE HAAO CAEAATbD MHOIO
AEA AO OTBE3AA, A TAKXE
NOArOTOBUTL BEWU K MNEPEE3AY.
Tbl COFAACHA MPOBECTU 3AHATUE e
8 3TO BOCKPECEHUE?

XOPOWO,
2 COMAACHA..

FAABA 6. M3YYAEM YACTHBIE NTPOU3BOAHLIE!

9 NOHUMALO, HTO no
BOCKPECEHDGM Tbl OBbIHHO
OTADBIXAEWD, HO AABAL NPOBEAEM
EWE OAHO NOCAEAHEE 3AHATUE.
A KOFAA Mbl 3AKOHHUM, 9 Yrowy
TEBG YXKUHOM,
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3TA WKOAA
HECKOAbKO AET HET, NPOCTO MHE
HA3AA BbIAA HPABUTCG 3TO
3AKPDITA,

MECTO. 3AECb @
LU3YHAA MATEMATLIKY.

neAsAA? U gbl

COBUPAETECD 800sUWE-TO 4
HAMUCATbL OSDBTOM POAUACSG B 2TOM
CTATbHO: FOPOAE.

3TO 8bIAA MAAEHDKAG WKOAA.,
HO 3AECb BbIA YHUTEAD,
KOTOPLIU AABAA MHE AYUWLE

YPOKU 8 MUPE.

6.2. AMHEWHBIE PYHKUMM HECKOABKMX NEPEMEHHBIX




ECAU Mbl HAPUCYEM MPAPLIK
PYHKUUL ABYX MEPEMEHHDIX
z=f(x,y)=3x+2y+1
8 TPEXMEPHDIX KOOPAUHATAYX,
HA HTO OH BYAET MOXOX,
KAKEPY?

TENEPL, ECAU Mbl \'
8 KAHECTBE NAOCKOCTU
BO3bMEM MEWOK
U3 MPECCOBAHHOU
COAOMb...

YUUTEAD, 3AECD

KAPTOPEAUH, HTO
C HUMU AEAATB?

OCTAANOCH EUWE
HECKOABKO

YHUTEAD
KUHXUPO BYHAA
BblA OH4EHD
XOPOWUM YUUTEAEM.

HY, HOPUKO,
HAUHEM HAWE
NOCAEAHEE
3AHATUE,

q roroea!’

-
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qA Hb,E nPOMBBOAHb'E Pacniucaxue 3aHATHiA

UTAK, 380HOK!
HAHAACS MEPBDIL
YPOK! BYAEM ALP-
PEPEHULIPOBATD
PYHKULUKO ABYX
NEPEMEHHDIX,

YacTtHole
1 TIpOU3BOAHKIE

Mbl Y3HAAU, UTO AUHELUHAG
PYHKUUG ABYX MEPEMEHHDIX
FBAGETCI NAOCKOCTHIO,
TENEPb PACCMOTPUM B8OAEE
CAOXHDIE PYHKUUU ABYX
MEPEMEHHDIX.

HAWA UCXOAHAS \ KRR UTO X, 3TO
PYHKUUG MNOXOXA | - MHE OHA s HE CYWECTREHHAG PA3HLILA,
HA TEHT C ﬂAOC;<UM BOAbWE R BYAEM ANMPOKCUMUIPORATb

BEPXOM, TAK? HAMOMUHAET R UCXOAHYIO f(x, y) AUHEUHOU

PYHKULELN ABYX MEPEMEHHDIX
g8eAU3L TOUKU (a, b)

6.3. YACTHbIE NPOU3BOAHBIE




CrpouM nuHeitHy10 QYHKIMIO BYX MepeMeHHbIX, KOTOpas B Touke (4, b) umeer
BeIcOTY fla, b) u onmuceiBaetcst popmynoit L(x, y) = p(x — a) + q(y — b) + fla, b). 3amenas
xHa au y Ha b, nonyyaem L(a, b) = f(a, b).

z=L(xy)

IIpencraBnenme sajannon | fp .l 4
dyHKUMM B BUfie MUHENHOI ’
byHKLMM [BYX HepeMEHHbIX

/ E
fla, b) ( '( Pla+¢,b+90)

Aa, b)

3uavenus ¢yskumit z = f(x, y) u anmpoxcumupymomeit eé z = L(x, y) B Touke
P(a + &, b + §), cMeléHHOM OTHOCUTENbHO TOYKU A(d, b), OTIMYaeTCA Ha HEKOTOPYIO
Be/IM4YMHY. Bo3HMKalOIIas Iy 3TOM MOTPEIIHOCTD PaBHa:

flate,b+8)-Lla+e,b+8)=fla+te, b+9d)-flab)-(pe+qd),
a otHocuTebHasA norpemHocTd (OIT) — oTHOIIEHNIO OTPELIHOCTH K ANTNHE AP:

_ fla+¢&b+0)-f(a,b) - (pe+qd)
or = Ve + &2 : (1)

HaitnéM 3HaueHUA p U ¢ , UCXOAS U3 TOTO, YTO PasHOCTb MeXAy flx, y) u L(x, y)
CTpeMMTCA K HyI0 Ipy npubmikenny Toukn P k Touke A. Ha rpaduke xoadduuu-
€HT p paBeH TaHTeHCY yria HaknoHa DE, a k0auILMeHT q — TaHTEHCY YI/Ia HaK/IoHa
DF. Tax kaK 3Ha4eHUs € 1 & MOTyT 6bITh M06bIMIY, IpypaBHseM O = 0 u HaitféM 3Have-
Hue BoIpaxkenu (1):

_fla+&b+0)-f(a,b)-(pe+gx0)
o= ez + 02 -
fla+eb)-f(ab) p

£
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YTBCP)KJICHMC «OTHOCUTE/IbHASA MTOTPEIIHOCTD - 0 npue-> 0» o3HavaeT cnegyoniee:

i f@te bz @b _, )

e~0

Tfie p — TaHTeHC yIia HaknoHa DE.

3aMeTMM, 4YTO JieBas 4acTb ypaBHeHMA (2) 03HAYaeT He YTO MHOe, Kak AuddepeH-
uMpoBaHMe QYHKUMM OFHOI MepeMeHHOI. [IpyruMu clnoBaMy, eClnu 3aMEHUTD y Ha
NOCTOsIHHYI0 b, To monyunm ¢yukuuio flx, b) Tonbko mepemenHoit x. JleBast 4acTh
ypaBHeHus (2) pefcTaBIAeT pacyéT MPOU3BOFHOI 3TOM QYHKLMM TIPK X = 4.

Ecnn 3anmcaTh HajifjleHHOe 3HadyeHMe, MCIONb3ysA CTaHJAPTHOe O06O3HaYeHMe
f '(a, b), To byzeT HEBO3MOXXHO OIPEAENNTb, OTHOCUTENBHO YeTo, X WK ¥, MbI iudde-
peHuupyeM. [loaToMy /151 3amUcy TIPOM3BORHOM f(x, y) IpK X = @ ¥ PUKCUPOBAHHOM
3HaYeHMM y = b ucronp3yot obosHadenne f,(a, b). OyHkuus f, HaspIBaeTCA HacmHoll
npou3sooHoti f no x. ITa 3amUCh COOTBETCTBYET UITPUXY» B nmp(b%}}eﬂuuposaﬂuu

byHKuMYu ofHoi nepeMeHHoM. Taxxe ucnonb3yercs o6o3HadeHye (a, b) BMecTO

ox
df . . . .
3QMUCH — ~, UCTIONb3YEMOH TIPY 3aMIUCH IPOUIBORHOI OFHOJ TIEpEMEHHOI.
[Tonsemém uTor.
[IpousBopHas f 10 x py X = a ¥ GUKCHPOBAHHOM 3HaYeHUU y = b, MOXKeT ObITh 3a-
TMCaHa Pa3HbIMM CIIOCOGaMMu:
) 0
f«(a, b); a—f (a, b); [a—f] ; HakyoH DE.
X X dx=a,y=b
AHaJIOTHYHO /I Y — TPOU3BOLHAsA f 10 y ipu ¥ = b U GUKCUPOBAHHOM 3HAYEHUN
X = @ 3aNUCbIBAETCA:
0 of
fy (@, b); ———af (a, b); [ 5 ] ; HaknoH DF.
y Y lx=ay=b

0 HUTAETCS KAK “HACTHAG
MPOU3BOAHAG",

6.3. YACTHbIE NPOU3BOAHBIE




VITaK, Mbl HalllTK C/IEfyIOILiee.
Ecmn z = f(x, y) uMeeT npefcTaBneHne B Bue MMHEHOM QYHKIMM BOMM3Y TOUKM
(%, y) = (a, b), To MOXXHO 3amKCaTB:

z=fda, b)(x - a) + f,(a, b)(y - b) + f(a, b) (3)
W z= —gg (@, b)(x—-a)+ % (a, b)(y - b) +f(a, b).

PaccMoTpuM Temepb IMpoM3BONIbHYIO TOUKY (a, P)
Ha KpyTe C pafiuycoM 1 u IIeHTpOM B Haya/e KOOPHM-
Hat mockocTi x—y (mom). Vimeem a* + B? = 1 (umm
a = cos@ u B = sin6). Haitném npomssogHylo B Ha-
npasnenun u3 Touku (0, 0) B Touky (a, B). [Tepememe-
HMe Ha PacCTOAHME ¢ B 3TOM HAaIlpaB/IeHMM 3aIIMChIBa-
ercst Kax (4, b) > (a + at, b + PBt). Ecnu Mb nonoxxum
e =atu d =Pt B (1), To monyunm

Ol = fla+at,b+pt)-f(a,b) - (pat + qBt) _

\l azt+ (32 12
_fla+ at; s;ét)ﬁ;_f(a’ b) — pa— qB = (yunrsiBag, uto o’ + 2 =1) =
_fla+atb +t[3f) -f(a,b) _pa-gp. @)

TIpubasnss u Berautas B popmyie (4) BCloMoraTe/bHOe ClaraeMoe, a TaKXKe fiefias
sameny p = f,(a, b) u q = f (a, b), nony4aem:

on-[erebb+3h-J@b+P)  J@beP-J@D ¢ o pa-fia b

Vcnionb3ays nponssopHyio 1o x Gynkuum f(x, b + Bt) gns nuneitHoro npubnmxeHns
B TOYKe X = 4, MOXKHO 3aIIMCaTh, 4TO

fla+at,b+Pt)—fla,b+Bt) =fla, b+ Pt)at.

AHaIOrMYHO [/1s Y IOMyINM
fla, b+ Bt) - fla, b) = f(a, b)Bt.
[ToncraBnsem atu fBa npubmxenus B popmyny (5):
Oll = f(a, b + Bt)a + f(a, b)B — f(a, b)a — f,(a, b)B =
=(fda, b+ Bt) - fla, b))a.

FAABA 6. M3YYAEM YACTHBIE MPOU3BOAHDIE!




Tax kax f(a, b + Bt) - f,(a, b) = 0, ecnu t gocTatoyHO 67113KO K 0, TO U BHIpaXKeHUe
(5), npeacraBsioliee OTHOCUTENbHYIO OTPELIHOCTD, ToXKe 6m3ko k 0. Takum obpa-
30M, MBI I0Ka3a/1y, YTO OTHOCUTENTbHAsA IorpeltHocTd > 0 ipu AP - 0 pis moboro Ha-
npasneHus AP.

Hapo ormMetuts, 4tO f, OMKHA 6BITH IMafKoi (6e3 13710MOB), 4TOObI MOXKHO 6b1IO
YTBepXaarh, uTo f,(a, b + Pt) - f(a, b) = 0 (npu ¢ = 0). IIpu HamM4YuUM U3TOMOB HeNMb3s
CKa3aTb, CYILECTBYET /I IPOM3BORHAA B TI0OOM HalpaBleHUH, laXe eClIU CYLIeCTBY-
10T npousBopHbie f, u f,. Tak Kak ¢yHKuMM ¢ u3noMaMu (KyCOYHO-HeTpepbiBHbIE) —
sIB/IeH}e TOBOMBHO PefiKoe, MBI He 6y/ieM pacCMaTpyBaTh UX B 3TOM KHUTe.

TipuMep 1

PaccMoTpyuM dyHKLMIO, TpUBENEHHYIO B KadecTBe npuMepa 1 Ha cTp. 181.
Haitném yacTHy10 npousBopHyio pyHkuum h(v, t) = vt — 4,9 B Touke (v, t) = (100, 5).
Ivddepennupys h(v, 5) = 5v — 122,5 B HarpaBIeHUN v, OTYYaeM:

oh
% (U, 5) =5,
Taxum obpasom,
oh
W(IOO, 5) = h,(100, 5) = 5.

Tenepp auddepenumnpyem h(100, ) = 100f - 4,9 B Ha-
IIpaB/IeHNY t ¥ IOy YaeM:
oh

7(100, t) =100 - 9,8t

%(100, 5) = h(100, 5) = 100 — 9.8 x 5= 51.
B urore nonyyaem npepcrasnenue h(v, t) B Bue MMHeHON GyHKIMH
L(x, y) = 5(v - 100) + 51(¢ - 5) — 377,5.

[l Ipou3BONbHBIX 3HAYEHWI1 h U ¢t YacTHbIE IPOU3BOLHbIE OYAYT PaBHbL:

oh

Ecnu renepp NOACTaBUTD 3TV YaCTHbIE MPOU3BOAHbIE B ypaBHeHue (3) Ha cTp. 192,
TO BOMM3M TOUKM (v, t) = (g, t;) MOXKHO 3amMCaTh:

h(v, t) = to(v - Uo) + (UO - 9,8t0)(t - to) + h(Uo, to)

6.3. YACTHbIE MPOU3BOAHBIE




TipuMep 2

B aTOM npuMepe HaitAéM NMHeTHOe NPUOIVOKEHME /IS KOHIIEHTPALMM CaXapHOTO
CHpOTa, IONY4eHHOTO U3 y TPAMMOB CaxXapa i X 'paMMOB BOJIbL.
100
floy) = L
X+y
I[M(l)cl)epean;mpyﬂ 10 0x ¥ Jy , TIOTTy4aeM:

100
T b=

x+y
_B]f__f _ 100(x+y)-100yx1 _ 100x
o (x+y) T
Takum o6pasom, B61mm3u Touky (x, y) = (4, b) umeem

100b 100a 1006
fly)=- T‘;—b—)z‘( a) + T—W(}' b)+—a—+—b—.

YactHoe pudpepeHLupOBaHHE

Ecu z = fix, y) suddepenumpyema 1o x B mo6oit Touke IpOCTpaHCTBa (X, ), TO
¢yukuus flx, y) > f(x, y), cBAsbIBatomas TOUKY (X, y) C €€ YaCTHOM MPOU3BOLHOIA f(x,
) 1O X B 9TOif TOUKE, Ha3bIBAETCA PyHKYUel 4acmHoti npou3sooHol no x oT GyHKLMM
z = f(x, y) m obo3HavaeTca -

fo f% ), % Wi %

AnanoruyHo, eciu z = f(x, y) auddeperumpyema no y B mo6oit TouKe IPOCTpaH-
crBa (x, ), To dyHkums (x, y) > f,(x, y) HasbiBaeTcs Pynkyueti yacmuoil npoussooHoti
1o y ot pyukumu z = fx, y) u o603Havaetcs

9 0z
Jp (% 9), —a—i}(— 170171 By

Haxo>xpeHue 4aCTHBIX TPOM3BOIHBIX QYHKIMY Ha3bIBAETCA €€ uacmuvim Ougde-

penyuposanuem.

TAABA 6. U3YYAEM YACTHBIE NMPOU3BOAHDIE!




XD NOAHBIE AM‘P‘PEPEHUMAAH

Ypok TonHkle
2 auddepeHuMans

Mbl Hauum, 4YTO TpeAcTaBieHMe z = f(x, y) nuHelHON (QyHKUMeHr B TOUKe
(x, ) = (a, b) umeet Bup

fx,y) = fda, b)(x - a) + f,(a, b)(y - b) + f(a, b).

HepennmeM 3TO KakK

fx,y) — fia, b) = %-(a, b)Y - a) + —%(a, b)(y - b). ©)

Taxk xak pasnocts fix, y) — fla, b) o3Ha-
yaeT npupaleHue z = f(x, y) npu nepexope
oT To4KkM (a, b) k Touke (x, y), 3anuimeM eé
KakK Az, KaKk MBI fielIaji 3TO A1 QyHKLUM
ofiHO} mnepeMeHHOI. COOTBETCTBEHHO,
(x—a) = Axu (y — b) = Ay. Torna Bbipaxce-
Hue (6) MOXXHO 3aIIMCaTh B BUJE

+a—yAy

0z 0z
Ao= S bxt 5o by (7)

9T0 BbIpaXKeHMe 03HAYAET: eC/IM X YBEIMYMBAETCA OTHOCUTENBHO 4 Ha AX, a y — OT-
HOCHUTENBHO b Ha Ay, T0 z = fx, y) yBenMuuBaeTcs Ha

0z
Tax kax W Ax — 370 IpUpalieHne zmo x npu y = b, a =— 3 Ay — npupaienue z
10 y IpM X = a, TO BbipaxkeHue (7) o3Havaer oblee mpupamenne z = f(x, y) — cymmy

NpUpanieHuit o X 1 1o y.

6.4. NOAHBIE AUPPEPEHUMAALI




IIpu cTpemmenuy npupalienuii o x 1 y K Hymo 3aMeHsAeM A Ha d v iony4aem cre-
LYIOLIYI0 3amych BbhipakeHus (7):

0z 0z
dz=——dx+ > dy ®)
win  df(x, y) = fdx + f,dy. )

BbIPAXEHUG (8D U (9) HA3DIBAIOTCS
POPMYAOL! MOAHOTO AUPPEPEHULAAA

3HaueHMe GOpMYIIBI CIEAYIOIIEE:

[Ipupamenue Boicotst.  Yacrwaa  Ilpupa-  Yacrmaa  Ilpupa-
KPMBONIMHEHON = npgnanone' X ”menne '+ Hpou3BOA- X IieHMe .
NOBEPXHOCTM Had 110 X o x HasA 1o y noy

Haiiném BbiparceHue nonHoro auddepennyana gns GyHKUuM, NpUBELEHHON B Ka-
yecTBe npumepa 4 Ha crp. 181. [l14 KaueCTBEHHOrO aHanyu3a MepenyiieM ypaBHEHNe
3aBMCUMOCTH TEMIIEPATYpbl B yIIPOIEHHOM BUAe, To ecTb T = PV. Torza

oT 09
9L _oPV) _ VM£=~—8(PV) =P.
oP oP avV Vv

Takum o6pasoM, monubIi AuddepeHIMam MOXHO 3alUCaTh B BUJIE

dT = VdP + PdV, unu B npubnmxenHon popme AT = VAP + PAV.

3TO 3HAHUT, HTO AAQ UAEAABHOMO
FA3A YBEAUYEHUE TEMMEPATYPDI
MOXHO 8bHUCAUTD MO POPMYAE

OBBEM X USMEHEHUE AABAEHUG +

+ AABAEHUE X UBMEHEHUE OBDHEMA Bonee Bricokue
P 3HauYeHMA
1 7 TEMIIEPATYphl
(] K
s
T
(5]
=
A
<
=
T = const >V
O6péMm
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(G _vc10Bis CYLLECTBOBAHYS SKCTPEMYNOB))

KAKOU KpAcUgbIl 8UA!
CAHAA COBCEM
HE UBMEHUACS!

KAK MOXHO TAK KPYTO
MEHGTb XOA CBOLX
MbICAELP
8bl YXE HAHUAAU YPOK?

MakcuMyM

L —

ECAU Mbl NOCMOTPUM

HA TY FOPY KAK HA
PYHKUUIO ABYX
NEPEMEHHDIX, EE

BEPWUHA BYAET
MAKCUMYMOM.

6.5. YCAOBUS CYILECTBOBAHUS 3KCTPEMYMOB




KcTpeMyMbl GYHKIMM BYX TepeMeHHbIX f(, y) Ha rpaduke HaxomATca mbo Ha
BeplInHe, 1160 Ha THE.

Maxkcumym
z z
A P A
Yy Yy
Q —Munnmym
> x > X
Touxa Makcumyma
z /
A PK
¥y TopusonTanbHas
2 : IIOCKOCTD
> X

: ¥
Tak Kak KacaTe/nbHble ITIOCKOCTY K rpaduKy B ToUKax P u Q mapaienbHsl 10CKo-
CTU X—Y , TO OHM OTIMCHIBAIOTCSA MHETHOM PyHKIMe

fix,y) = p(x - a) + q(y - b) + fla, b),
y koTopoit p =g =0.
Tak Kax '

—L =£f) 9= (~fy

TO ycnonue cymecrsonaum 3KCTpeMyMoB 6ypeT cnegytomum™: ecnu f(x, y) umeer
3KCTpeMYM B TouKe (X, y) = (a, b), To MOXHO 3amucaThb

fda, b) =f[a,b)=0

nim

S =YL ap-
5 @b =5 @b =0

* O6parHoe HesepHo. To ecTb, fawe ecm f,(a, b) = f,(a, b) = 0, cywecTBoBaHMe 3KCTPemyMma B Touke (x, y) = (4, b) co-
Bcem He o6a3aTenbHo. Takum 06pa3om, 3To YcnoBue TONbKO BO3MOXHOCTYN IKCTPEMYMOB.

FAABA 6. M3YYAEM YACTHBIE NPOU3BOAHDIE!




8 TOUKAX IKCTPEMYMOS

PYHKUUL ABYX NEPEMEHHDIX
EE UACTHbLIE NPOU3ROAHDIE
Mo x U MO y PABHbI HYAO.

TipuMep

Haiiném muaumym ynkumu f(x, y) = (x - y)2 +(y- 2)?. CHayana Haitném anrebpa-
MYECKH.
Taxk xak

(x-9)?20,(y-2)*20,
TO

fix, ) =(x- y) +(y- 2)220.
IopctaBuM x =y = 2
f(2,2)=(2-2)*+(2-2)*=0.

Orcropa flx, y) 2 f(2,2) fmn Bcex (x, ). To ectb, f(x, y) MMeeT MUHMMYM, paBHBbIi HY-
110, B TOUKe (X, ¥) = (2, 2).

C mpyroit CTOpOHBI,

o _ =2x-y)u —f 2-y)(-D+2(y-2)=-2x+4y-4.

ox oy

[IpupaBHuBas
o9
ox dy

¥ pelasi IONy4eHHYI0 CUCTEMY ypaBHEHM

2x-2y=0; PE3YALTATHI OBOLIX
-2x+4y-4=0, PEWEHUL cosnAAL/
nony4um (x, y) = (2, 2),
4YTO COBIIAMIAET C PEIIEHNEM, HaﬁﬂeHHbIM a}Ire6paneCKI/I.

6.5. YCAOBUS CYILECTBOBAHUS 3KCTPEMYMOB




....................

8 NMPOWAOM OH ©BblA

ne ”MEHEHﬁE SKOHOMUCTOM U EWE

YACTHBIX MPOU3BOAHDBIX  F R allge g~

B SKOHOMMKE RN A
———— HAULOHAABHOIO

AOXOAA HA KAMNUTAA
U PABOHYHO CUAY.

U KAK XE OH
EFO PA3AEAUA?

C 1a44q no 19e6 nocT
CEHATOPA OT WTATA
UAAUHOUC (CWAd>
3AHUMAA NMOA AYTAAC,

(1

* Sttt -o B A

reysO rogoeq, sAAOBOU
BHYTPEHHUU NPOAYKT
e8m, NPEACTABAGOWUL
OBbEM MPOUZROACTRA
8 CTPAHE 3A 1104,
AEATC MEXAY AHOADMU
U FOCYAAPCTBOM ABYMG
nyTamu,

80-8TOPbIX, 8811

g0-NEPBbLIX, 88M PACNPEAEAIETCA KAK

PACNPEAEAIETCS AUBUAEHADI BAAAEADUAM
8 BUAE 3APMAATDI KAMUTAAA 8 POPME AKLLILI U
PABOUUM, UMYWECTBA, HAMPUMEP CTAHKAMU

U OsOPYAOBAHUEM,

FAABA 6. U3YYAEM YACTHBIE MPOU3BOAHBIE!



AYFAAC U3YUAA
PA3SAEAEHUE PABOUEL
CUAbI U KAMUTAAA
8 COEAUHEHHDIX WTATAX
U OBHAPYXUA, UTO UX
COOTHOWEHUE 8bIAO
MOUTU MNOCTOGHHBIM
8 TEUEHUE 4O AET.

OKOAO 70 NMPOUEHTOB (0,7
881 PACNPEAEASAOCD
8 BUAE 3APMNAATbI PABOHUM,
U 30 NPOUEHTOB (0,3) —
8 BUAE AUBUAEHAOL
8 POPME AKLILIL
BAAAEADUAM KAMUTAAA,

T CTPAHHO, HUTO
COOTHOWEHUE 8blAO

-———— | L NMOCTOGHHDIM, HECMOTPG

' HA TO, UTO CUTYALUQ

™\ 8 SKOHOMUKE MOCTOGHHO
‘ MEHAAACD.

7\!!_

==

AYFAAC XOTEA MOAYHUTD

PYHKUUIO MPOL3BOACTBA

f(L, K), osbacHgrowyo
TAKUE PE3YALTATDI.

MO2TOMY OH rOMPOCUA
MOMOUU Y MATEMATLKA
HAPADL3A KOEBEBA.

PYHKUUG, KOTOPYIO OHU
HAWAU — 3TO U3BECTHAG
PYHKUUI KOBEA-AYIAACA,
8 KOTOPOU L — 3APMAATA
PABOHUX, K — KAMUTAA,
aP ua — KOHCTAHTDI. ,

A UTO U3 HEE MOXHO
Y3HATb O MOEU
3APMAATE?

CEUUAC YBUAUWD.

3TO XOPOWUL NPUMEP

NPUMEHEHUG PYHKUUL
ABYX NEPEMEHHDIX,

6.6. NPUMEHEHMUE YACTHbIX MPOU3BOAHbBIX B SKOHOMUKE




IIyctb mpoM3BOACTBO B cTpaHe 3afaércs QyHKuueir npoussoactsa f(L, K), u 6ynem
M3MepATD 3apIUIaTy B eMHUIAX W, a KaluTan — B eAuHKIAX 1. [Ipeanonoxmum, 4ro
9KOHOMMYeCKas NMOMMTUKA CTPaHbl HalpaB/ieHa Ha MONydeHe MaKCUMAIbHOM Ipu-
6ObI/IY, KOTOpas 3afaércs QyHKUMei Bupa:

II=fL,K)-wL-rK.
Tak kak, UCXO/i U3 3KOHOMMYECKOI NOMUTHUKY, 3HadeHusd L u K JOMKHBI COOTBET-

CTBOBAaTb MaKCUMaJIbHOM HpMﬁbUII/I I, To YpaBHE€HME JO/KHO YAOBIETBOPATD CIEAYIO-
LM YCTIOBUAM 3KCTPEMYMOB:

an_am_,
3K

R R N

O=3L= 3L oL oL oL "™V or ()
oIl jf_ _dwL)  d(rK) i _ _of

0=3K=3K oK oK ~K 'K @)

®opmynsi (1) 1 (2) 03HavYalOT CleRyIoOLIee:

EnuunyHas 3apmnara = YacTHas npousBofHas GyHKIMM IIPOM3BOACTBA 110 L;
Enuuuynbiit kanutan = YactHasa npou3BogHas GyHKIMY TPOU3BOACTBA 110 K.

Torpa BBINIATHL, KOTOPBIE XXUTEM CTPAHBI IOMYYAIOT 32 pabOTY, paBHBI
3apmnara x Pabora = wL.

Ecnu Ha 3apnnary pa6ouum pacripepensiercst 70% ot BBII, nmeem

wL = 0,7(L, K). 3)
AHaIIOI‘I/I‘IHO, BbBINZIATbI B/IaJE€/NbliaM KaIlluTana COCTaBAT

rK = 0,3f(L, K). (4)
U3 (1) u (3) cnenyer:

&L xL=07fL,K), )

aus (2) u (4) cnenyer:

afo 03f(L, K). ©)

FAABA 6. U3YYAEM YACTHBIE MPOU3BOAHBIE!




Ko66 Hawmén ¢pyukumio f(L, K), yI0BNeTBOPAIOLIYIO 3TUM YPaBHEHUAM:
f(L) K) — ﬁL0,7K0,3’

r/ie p — MONMOXMUTENbHbII K03 duLmeHT, 0603HAYAIMMIf YPOBEHD Pa3BUTUA TEXHO-
JIOTHL.
IIpoBepuM, yIOB/IETBOPSAET /¥ 3Ta PYHKIMA 3a/JaHHBIM YCTIOBUAM:

o ,_0 (BL™ K™) _ (-0,3) 0,3, 71 _
S XL= S x L=0,78LC %K x L' =

= 0,7BL>'K™.

AHanornyHo

07 103
% xK= a(ﬁLTKO—)— x K = 0.3pL%K%7) x K! =

= 0,3pL%K*.

JeitcrBuTenpHO, kumst fL, K) = BL®"K*? ynosnerBopser ycnosusm (5) u (6).
YH ¥ pAET Y

TAKUM OBPA30M, HACTHDIE

AA, HEUETO NnPOU3BOAHDIE NO38OAUAU = Y
£03PA3UTb, 2TO HAUTU CKPbITBIL 3AKOH, ﬁggﬁ;ﬂh:;?e :ECCT;": l:
AEUCTBUTEABHO OnuCbIBAIOWUL 3KOHOMUKY CEEE OMPEAEAEHHDIL!

TAK. BCEU CTPAHDI, U 8bIPABOTATL

CMbICA, HO OH HE
8CErAA OYEBUAEH, TAK?

MPABUAA, ONPEAEAIHOWUE
BAAFOCOCTOGHUE CTPAHDI,

6.6. MPUMEHEHUE YACTHbIX MPOU3BOAHBIX B 3KOHOMUKE




) UACTHAS MTPOU3BOAHAS CAOXHOR PYHKLIKK. UEMHOE MPABUA
[TpouspopHyio cnoXHOM GYHKIMM OHOI EpeMEHHOM Mbl PaCCMaTpVBaIy paHee
Ha CTp. 14.

y=fx), z=g(y) > z=g(flx)),
8(fix))" =g "(flx)) f ().

CELUIMAC Mbl BbIBEAEM POPMYAY AAG
HAXOXAEHUG HACTHOU NPOU3BOAHOU
C(UENHOE MPABUAO) CAOXHOU PYHKUUU

HECKOABbKUX NEPEMEHHDIX.

IIycTb z — GyHKLMA ABYX MEpeMEHHBIX X U ¥, uMelomas BuA z = flx, y),axuy —
GyHKLMM OFTHOI TIepeMeHHOI1 ¢, uMeloLne BUA x = a(t) u y = b(t) coorBercTBeHHO. Tor-
fia Z MOXKHO IIPEefICTaBUTh B Bufe (QPYHKIMM TONMBKO NEPEMEHHOI ¢, KaK NOKa3aHO Ha
JMarpamme.

I I

t — _l_l_l__]_’x_’:l f

—y —>

_|_J_ _.l
3Ty 3aBUCHMMOCTb MOXXHO 3alIuCaTh B C/IEAYIOIEM BUZIE:
z=flx, y) = f(a(2), b(t)).

dz
HaitnéM 9acTHy10 Mpou3BoAHYyI0 ar 3TOi QyHKUMM.

Iil

Iyctonput =t
ato) = %0, blto) = yo, flxes yo) = flalty)), blty) = 2.

Bynem paccmarpuBaTh noBefienye GyHKIMIT BO/M3M TOYEK ty, Xg, Yo U Zp.
Ecnu M1 HaliiéM 3HaueHme a, yOB/IeTBOPAIOLIee YPaBHEHMIO

z-zy=ax(t-ty), 1)

dz
TO 3TO ¥ 6yzeT E—(t")'

FAABA 6. M3YYAEM YACTHbLIE NPOU3BOAHBIE!




CrniepBa MCTIONb3yeM MHEHOe Npubmynkenue ans x = a(t) u y = b(t):

X—Xy= %(to)(t — to)s 2

Yy=Yo= %(to)(t = to). )

[lanee 3anuuiem ¢popmyny nonHoro auddepenimana GyHKIMM JBYX NepeMeHHBIX

fix,y)
2= 20 =2 (o 5 =20 + S (503000 - 0. @
[loncrasnss (2) u (3) B (4), nonyyaem:

2= 2= (o 10 G (0= 1)+ 5L G ) G (- 1) =

_(9f da . o b V-
= (55 o) g @)+ 5 (30 7 Gt~ ) ®)
CpaBHuBas (1) 1 (5), MOXKHO 3amucarhb Cefjyiolliee COOTHOIIEHME:

dz ) d 0 db
G =a= 5 o ) G 0+ 030 G 0

Takum obpazom Mbl momyumny GOpMyny ANA YaCTHON IPOM3BOLHONM CTIOXKHOMN
¢yHKuyn!

YacTHas npousBoaHas cioxHoli ¢yHKuu (LienHoe npasuno)

Ecmu z = f(x, ), x = a(t), y = b(¢),

TO

de_of da, o db
& " ox dt oy ar 6.

6.7. YACTHAS MMPOU3BOAHAS CAOXHOW PYHKLUMM. UEMHOE NPABUAO




C3KU-CAH, MOXHO
AAABWE BECTU YPOK
BYAY @7

Oro! HY AAAHO..
BYAET 3ABABHO
CHOBA CTATb
CTYAEHTOM.

XOPOWO! AABAUTE
PACCMOTPUM PYHKUULO
HECKOABKUX MEPEMEHHDIX..

3AUMEMCS
2KOAOrUEL!

UTAK, Y HAC ECTb PABPLKA,
CEPACDHIBAIOWAG OTXOADI
CBOEIO MPOU3BOACTBA, 2TU
OTXOAbl 3ArPI3HIOT MOPE,
COKPAUIAG YAOB MECTHDIX
PbleAKOS.

BO3AEUCTRUG, MPOU3BOAUMbIE
AEQTEADHOCTBIO MPEANPUATUG HA
APYIFUE OBAACTU, HO HE YUUTbIBA-
EMbIE 8 PLIHOUHDIX OTHOWEHLUGX,
KAK 8 HAWEM CAYHAE, HA3DIBAIOT-

CI IKCTEPHAAUGMU. OCOBEHHO

BPEAHDIE SKCTEPHAAUL, KAK, HA-,
PUMEP, JATPAIHEHUE, HAZDIBA,
tOTCS OTPUUATEADHDIMU
IKCTEPHAALIGMU,

nYCTb PYHKUUG f(x) 3AAAET
KOAUHECTBO TOBAPOB, NPOU3RO-
AUMbIX X PABOUUMU HA SPABPLIKE.
U3BECTHO, UTO PABPUKA CEPACDLIBAET
NPOU3BOACTREHHDIE OTXOAbI,
BAUGHOWULE HA PbIBHbIL YAOR.

nYcTb KOAUHECTBO
OTX0A08 PABHO
b =b(f(x)). AAAEE...

FAABA 6. U3YYAEM YACTHBIE NPOU3BOAHBIE!




Bynem cumTath, YTO PHIGHBL Y/IOB 3aBUCKUT OT YMCTIEHHOCTY PabOYMX y M KOMMYe-
cTBa 0TXOROB (pabpuku b 1 BripakaeTcs GyHKIMel IBYX nepeMeHHbIX g(y, b).

YBenuueHue OTXONOB b BBI3BIBAET CHIDKEHNE Y/IOBA, I03TOMY 4YacTHas NPOM3BO-
nHas g(y, b) no b — orpuuarenbHa.

Taxk kak uncneHHOCTb pabounx x copepxxutcs B dynkumu g(y, b) = g(y, b(f(x))), To
IPOM3BOACTBEHHAA JeATENBHOCTb GabpuKM BIMAET Ha PHIGONOBCTBO, XOTA U He yuu-
TBIBAeTCA MpU POPMUPOBAHUM PBIHOYHON LieHbI. ITO BHELIHEe BO3/e/CTBIE, Ha3bIBa-
eMoe IKCMePHANUAMU.

CHayana mocMOTpUM, 4TO OyAeT, ecmu ¢abpuka u prI6OTOBCTBO OYAYT AeifCcTBO-
BaTb TOIbKO B Lie/IAX cOOCTBeHHOM Bbiropbl. IlycTh 3apmniaTa Ha 060MX MPERTPUATUAX
paBHa w, LieHa TOBapa, IIPou3BeNEHHOro Ha Gabpuke — p, a LieHa BbITOB/IEHHOM PhI-
6b1 — q. Torma mpu6sIIb Pabpuky 6ymer 3agaBarbes GoOpMyIOit

IT,(x) = pfix) — wx. (1)
®abpuka cTpeMUTCSE K MAKCMMAIbHOI PUOBIIY, OTCIOAA YCIOBHE SIKCTPeMyMa:

% =pf(x)-w=0<=pf(x)=w. (2
IycTb x = X* yHOB/IETBOPSET 3TOMY YC/IOBUIO, TO €CTh

pf(x") =w. A3)

3nech x* — onTMMarnbHOE KOMM4ecTBO paboumx Ha pabpuxe, a f(x*) — xonnyectBo
npou3BoauMbIX (abpykoit ToBapoB. Torga KonuyecTBo 0TX0f0B 6yzeT

b* = b(fx*)).
[Ipu6bsins ot pribonoscrsa I1, 3afgaércs popmynoi
IT, = qg(y, b) - wy.

Tak xak xomuyectBo orxon0B (abpuku sanaérca popmynoit b* = b(f(x*)) u He 3a-
BUCUT OT pbIGONIOBCTBA, TO MPUOBIIbL OT PHIGONOBCTBA NMPAKTUYECKM CTAHOBUTCH
GyHK1Mell OTHOI! IIepeMeHHOI y:

I1, = qg(y, b*) — wy. (4)

[Toatomy, 4To6b! HaitTy MakcuMyM I, HaM OCTaTOYHO BBHINOTHUTD TOBKO OJHO
ycnosue 3KCTpeMyMa GyHKLMM FBYX IlepeMEHHBIX — /IS YaCTHOV TPOM3BOAHOIA 110 ¥:

aHZ _ ag *\ _ ag *Y _
Orcrona onTiManbHOe KOMMYECTBO PhI6AKOB y* JOMKHO YAOBIETBOPATD YC/IOBUIO:
og .
= (50 =w. ©)
15,0
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UTAK... )

OnTyManbHOE KOMMYECTBO TOBAPOB Ha (pabpike 1 ONTMMANIBHBII Y/IOB PHIOBI, TIpK
YCTOBMM MX HE3aBICHMMOCTH JIPYT OT JpPyTa, onpemensaoTcs Kak flx*) u g(y*, b*) coor-
BETCTBEHHO, ITie X* ¥ y* yOB/IETBOPAIOT YcnoBUAM (3) u (6):

pf ) =w, b =b(flx), q—g}i(y*, b*) = w.

~N

TENEPb, CIKU-CAH, MPOBEPUM, GBAFETCA AU 3TO PEWEHUE
OnNTUMAAbHBIM AAQ UHTEPECOR 8CEMO OBWECTRA.,

( HTOEb! YHECTb UHTEPECHI U PABPLKU, U PbIBEOAOBCTEA,
HYXHO HAUTU YCAOBUE MAKCUMYMA AAG CYMMbI NPUEBbIAEL
OT OsOUX 8UAO8 AEQITEADHOCTU.

I1; = pf(x) + qg(y, b(f(x)))-wx-wy.
\. : J

Tak kak IT; — QpyHKUMS ABYX IEPEMEHHBIX X U ¥, TO YCIOBMEM 9KCTPEMYyMa AB/IAET-
Cs paBEHCTBO:
ol _
ox dy
PaccMOTpyM IepBYI0 YaCTHYIO IPOU3BOXHYIO:

O g BLUED

ox

= o () + 4B, BN () () - w.

Mbi Bocrionb30Banuch 3aech npasunoM AudpepeHnpoBaHna GyHKIMM OT PyHK-
1108

Takum o6pasom:
T <0< (p+ -2y, b () £ ) = . 7

FAABA 6. U3YYAEM YACTHBIE MPOU3BOAHBIE!




AHanoru4yHbIM 06pa3oM 10/Ty4aeM yC/IOBMe [/l BTOPOJ YaCTHOI IPOU3BOJHOIL:
oll, 9%
-0 ( , b(fix ) =w. 8
3 15, > o) ®
Takum 06pasoM, ¢ TOUKM 3peHMs O6lLIeCTBa ONTUMA/bHbIE KOMMYECTBA paboumx
X — pna gpabpuku u y** — ans pei60I0BCTBa ONpeEReNOTCA U3 GopMyI:

[0+ 4Lt b () £ ™) = o)
9 e N\
a5y o) = w (10)

XoT4 3TH ypaBHEHU ¥ BBILIAAAT TPOMO3JKMMM, 3TO BCETO IMIIb CUCTEMA YpaBHe-
HUMit ¢ AByMs nepeMeHHbIMU. CpaBHUBAsA 3TV ypaBHeHus ¢ (3) u (6), obHapyxuBaeM,
ut0 (3) 1 (9) oT/IMHaroTCH, a (6) U (10) — coBnapalot. [locMOTpuUM, YeM e OTINYAIOTCA
ypaBHenus (3) u (9):

pxfx)=w, (3)
p+9)xf(x*)=w. (11)

B ypaBHeHuu (9) MbI 3aMeHMIM BTOPOE CllaraeMoe Ha 3HaYOK ¥ = ¢ —g‘%b (™).

Tak xak $ OTpHMLaTeNbHO, TO P + $ MeHbILE p, a TaK Kak npasble yacTu (3) u (11)
IIOpPO3Hb PaBHBI W, TO U3 TOTO, YTO p + W < p, CIeAyeT, uTo f'(x**) BO/MKHO 6bITH 607b-

mre f(x*).

( A
fx) HakroH f MeHbIe
| Hakion f’ 6onbime o
f kPugAg f(x) OBbIMHO
l BbIFASALT TAK,
MO2TOMY...
);ﬂ- x* X
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O, TAK KAK OBbIMHO
MAKCUMYM MOAb3bl AAQ
OBWECTBA UWETCA KAK NEPE-
CEUEHUE KPUBbIX CMPOCA U
NPEAAOXEHUSG®, YHUTLIBAHOWUX
TOABKO 3MOUCTUMECKUE LIHTEPECHI
PABPUKU, TO MPU HAAUMUL OTPU-
UATEADHOIO BHEWHENO BO3AEL-
CTBUQG, HAMPLUMEP 3AMPA3HEHUG

8 HAWEM CAYYAE, TAKOU NOAXOA
HE NO3BOAUT AOCTUMD MAKCUMY-
MA OAb3bl AAG OBWECTRA.

WG AOCTUXEHUG 1\
MAKCUMAABHOU NOAb3b!
ANG OBUIECTBA PABPUKE '
HAAO YMEHbWUTD
neou3goACTg0O OT x*,
COOTEETCTBYIOWENO
8bIFOAE TOABKO AN
PABPUKU, AO x**,

* Cmotpu cTp. 105.

A UTO MOXHO CAEAATD
AAG TOrO, HUTOsbI
PABPUKU CHU3LAU

MPOU3BOACTRO OT x* ==
AO x*t*?

APYrol cnocos —
UCNOAb308ATb

HAAOrOBOE
OBAOXEHLUE.

ECAU NPABUTEADCTBO
3ACTABUT PABPLKY
YMEHDWUTD

nPou3goOACT80, 2170
BYAET O3HAHATD Hanorosoe
MAAHOBYHO 3KOHOMUKY
UAU COULIAALBM,

obnoxeHue

7 HAMPLMEP, AAG SAMEAAEHUS
FAOBAABHOIO MOTEMAEHUG

MPAGUTEALCTBO \
TAKOU HAAOT OECYXAAETCA HAAOT HA
OBAAFAET PAEPLIKY
HA3bIBAETCG 8bIEPOC YFAEKLCAOFO FA3A —
HAAOTOM KOAOTULECKUM ~ AEPO.,
NPOMOPULIOHAALHO : YFAEPOAHDI HAAOT.

E& nPou3BOACTEY.
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ECAU YCTAHOBUTD
BEAULLHY HAAOTA
HA EAUHULYY TOBAPA,
NPOU3REAEHHOMO

w

.TO MPUBbIAb,
YHUTbIBAIOWAS TOABKO
UHTEPECDI PABPLIKU,
3ANUWETCS CAEAYIOWEL
POPMYAOL!:

(12)

ﬂ1 (0= Pf(X)‘ ) & (" f(x))

U YCAOBUE IKCTPEMYMA
AAG 3TOU POPMYAbI
EYAET CAEAYOWUM:

I oftwptlar os(prolfiomw o9

TAK KAK YPAGHEHUE (13) cOBNAAAET
C YPABHEHUEM (9), TO TENEPL
NEPECEHEHLIE KPURbIX CNPOCA U
NPEAAOXEHUS BYAET COOTRETCTBORATL
MAKCUMYMY MOAb3bl AAG OBWECTBA.

OEBbIUHbIE HAAOTU
NOAOXOAHDI,
NOTPEBUTEALCKULL)
CAYXAT AN
rOCYAAPCTBEHHbDIX
UHBECTULUILL...

.8 TO BPEMG KAK 8AM BCE
3KOAOIUYECKUL MOHATHO,
HAAOI UCNOAB3YETCS CIKU-CAH?

AAG NOAAEPXKAHUG
3KOAOrUHECKU
HUCTOU CPEADI NYTEM
KOHTPOAG
3A SKOHOMUKOU.

6.7.

YACTHAS NPON3BOAHAS CAOXHOW PYHKLIUN. UETHOE NPABUAO




Y-Y-YUUTEAD.

MOAE3HAG
MATEMATUKA

R
>€$§“'~::~§fy 5
S
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HY 80T,
@ 3AKOHUUAA
YNAKOBbIBATb
SEWU.

HA3HAHEHUE...
MHE?
MEHI TOXE
NEPEBOAQT?

'

HOPLKO, 80T,
nocmoTeu,

Ha
- u eytouwu HY 8OT, HACTAAO
TOXE. CPEMG
: PACCTABATBCS.
BOOBUE-TO

FA3ETA PEWUAA
— 3AKPHITb OPUC
. CAHAA-UO.

-

6.7. YACTHAS NPOU3BOAHAS CAOXHOW PYHKLMU. UEMHOE NPABUAQ




NnOCMOTPU, KYAA
TEES NEPEROAGT.

NOAYMATb
TOAbKO —
9 sYAY
PABOTATD
HA OKUHASE.

TIEPEROAMA OKVHARY

PR N L
GARIARBWINLY

 AAXE
HE 3HAAA, UTO
HAWA KOMNAHUG
UMEET OPUC
HA OKUHABE.,

3TO MOl NOAAPOK
TEBE HA NAMATDL. NYCTb

OHA NUWET TOAbKO
XOPOWUE CTATbU,
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PyBpuka «OKpyXaiouwas cpena u 3KoHoOMUKax

Kommanua «<bEPHEM KEMUKJ1»

TTPUHOCUT CBOU U3BUHEHUA
B CBSA3M C 3arpA3HEHHEM 3anuBa
0TX0QaMH XUMU4ECKOTO TPOU3BOACTBA

KoMmnaHus rotoBa yperynupoBatb KOHGNHUKT
€ pbi6ONOBHLIM KOOTIEPATUBOM

Py6puKa «OKpyXaiowas cpeaa u IKOHOMHKax

e

6.7. YACTHAS NPOU3BOAHAS CAOXHOW PYHKLIMK. LLEMHOE NPABUAO

nPOWAL...




(6

TipouaBonHasa HeABHO 3apaHHoif PYyHKLMM

MHoxecTBO TOYeK (X, ¥), B KOTOPBIX QYHKIMA fBYX NepeMeHHbIX f(x, y) paBHa KOH-
CTaHTe ¢, 06pa3yoT rpaduk, yfoBaeTBopaommit ycnosuio f(x, y) = c. Eciu vacts aToro
rpadmka uMeeT BUA QYHKLMY OBHO NepeMeHHOI ¥ = h(x), To Takas QyHKLMA Hasbi-
BAeTCs HesABHO 3a0anHOl Pynkyueti, unu HeasHoli pynxyuetl. HesBHas dynxuus h(x)
ynosrneTBopsieT paBeHCTBY f(x, h(x)) = ¢ Ans Bcex x B obmactu onpenenenns. Haitném
TIPOM3BOAHYIO HesiBHON QyHKImu h(x).

Tonnwuit puddepentman dynxunm z = fix, y) sanucoisaercs xak dz = fudx + f,dy. Ec-
71 To4Ka (X, y) mepemeliiaeTcs 1o noBepxHocTH f{x, y) = ¢, To 3HaueHme yHKIMK f(x, y)
He MeHseTcs, a 3HaunT U auddepentman dz Toxe paset 0. [lonyyaem 0 = f.dx + f,dy.
Cuwuras, uto f, # 0, npeobpasyem 3To BhIpaXkeHHe K CTIEAYIOMIEMY BULY:

& __f
d
JleBast yacTb 3TOTO ypaBHEHNUA He YTO MHOE, KaK mpousBoaHas h(x). [Tomyyaem:
h'(x) = - <%
5
Tipumep

Tpadmx pynxumu f(x, y) = x* + y* = r* mpeficTaBnseT 060/t OKPY>KHOCTb PafINyCOM 7
C LIEHTPOM B Hauasne KoopAuHAT. Cuutas, 4T0 x° # %, UCTIONb3yeM HesABHYI0 GyHKIMIO
fix, y) = 2 + y* = 1, 4T06BI HATU IPOUBORHYIO ABHBIX GYHKUMIL y = h(x) = \/%—_:c2 n
y = h(x) = — V7 - x%. Vicrionb3ys opmyIty pOM3BOIHON HesABHOM GYHKIMM Oy daeM:

hw=-te =X

ooy
L) YMPAXHEHMAKIAABEE
1. Haitru f, u f, mus fix, y) = 5 + 2xy + 37,
2. Ilepuop xone6anmit T MasTHUKA JIMHOI L NOK JeiCTBUEM YCKOPEHMS CHIIbI TS~
XecT g 3afaércst GpopMynod
=L
T=2n \jg .
YckopeHue g 3aBUCHT OT BBICOTHI HaJj yPOBHEM MOPHL.
a) Haittu Beipakenye ans nonsoro auddepennmana T.
6) Ecnut L yanuHUTD Ha 1 IPOLIEHT, g yMEHbLINTD Ha 2 IPOLIEHTA, Ha CKOIBKO IPO-
IIeHTOB yBenuuutcs T? ‘
3. BeiBectyt hopmymy mpousBonHoit h(x) HesBHoit yHKIMHK f(x, ¥) = ¢, MCTIONB3YS
npasuno auddepennpoBanna GyHKIMY OT PYHKIMMK.
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SAHEM bYXKCHA,

g

MAT

MATUKAP

4 -~ -/J N




YP, XAPKO!

HEBAXHO, KYAA MEHA
PACTIPEAEAUAU, 9 BYAY
CTAPATLCA U G BYAY
LUCNOAL30OBATL 8CE
3HAHUG, NMOAYUEHHDIE
OT C3KU-CAHA.,

UTO X, NOUAEM
UCKATb OPUC
ACACAKD TAUMC HA
OKUHABE?

SMUAOT. 3AYEM HYXHA MATEMATUKA?




MOHEMY-TO 3TO MECTO
KAXETCI MHE OHEHD
3HAKOMbIM!

d TAK Uj
3HAAA!

A\L W
-t

HAAELOCD,
HE Tbl HET/ @ TOXE
BO3MABAGEWD TOABKO HTO
3T0T OPuUCc? neusblA

u3 A3pPOMOPTA.

O, 3TO YXE
AYUWE!

W T

OAHAKO!, TOALKO
W IPLEXAAN LN
CPA3Y, CTIATB?!

3MUAOT. 3AYEM HYXHA MATEMATUKA?

XOPOWO 8bl Y3HATb
KTO FAABHbIU
8 3TOM OPUCE?




U3suUHUTE, 8bl
HE 3HAETE, FAE
3ABEAYIOWLLP

N\,

o~
v

O, OH BOH TAM,
B8CE BPEMG NAABAET
HA BAUAAPKE.

A 80T HAKOHEU-TO
u sbl!

SMHUAOT. 3AYEM HYXHA MATEMATUKA?




CIKU-CAH!!!
KAKAG PAAOCTD!!!

CIKU-CAH?!

oY! 4 sYAY ECTb
EWE OAUH FOA
NOPA3MbIWAGTL
O TOM, O CEM

8 TEMABIX KPAGX.

O, NPABAA?P

C3KU-CAH, G NOHIAA,
3AHEM HYXHA
MATEMATUKA.

SMUAQT. 3AYEM HYXHA MATEMATUKA?




MATEMATUKA AAET
BO3MOXHOCTb
BbIPAXATb TO, UTO
HEAB3G NEPEAATD
CAOBAML,

HTO X, HOPLIKO,
TOrAA NYCTb

FOPU3OHT — 3TO A nMPOCTbiMU
WHE CKABATL?! CEFOAHG HA ¥XUH?
Ny M-M-M, AATILA —

38YHUT HEMAOXO.

4

%, ¢
o\ Y
I
{ “'II!al
N\ dl

g
w':"
e

Ty
o

3ABTPA BYAET
EWE OAUH
NPEKPACHDI

SNUAOT. 3AYEM HYXHA MATEMATUKA?







IED) PEWEHMS K YIPAXHEHMSM
Tiponor
1.

IopcTasnas y = % (x - 32) Bz="7y - 30, nonmyyaem z = %5 (x - 32) - 30.

Tnasa1
1
1)f5)=g(5)=50, 2)f(5)=8.
2.
lim fla+¢) - fla) - lim (a+¢’-a° - lim 3a% + 3ag’ + €
e-0 € £-0 € e-0 €
= linol (3a* + 3ae + €2) = 34%
Taxum 06pasom, mpousBofHas ot fix) — ato f/(x) = 3x
fnasa2
L
RS 5 S -
f(x)— (xn)z = P R I &
2.
Fx)=3x-12=3(x - 2)(x +2).
fx)>0mpux<-2,f(x) <0mpu -2 <x<2uf(x)>0mnpux>2.Toects npu
x = -2 umeeM MakcuMyM f{ -2) = 16, a ipyu x = 2 uMeeM MakcuMyM f(2) = -16.
Tak kak f{x) = (1 - x)° — ¢ynkuus g(h(x)), cocrosmas us g(x) = x° u
h(x) =1-x,10 f(x) = g"(h(x))h'(x) = 3(1 - x)*( - 1) = -3(1 - %)
3.

Haxopum nponsBopnyio ¢yHkumy g(x) = (1 - %)%
g =030 -xP+x41-%°%"=2x(1-x)* + (- 3(1-x)?) =
=x(1 - x)%(2(1 - x) - 3x) = x(1 - x)*(2 - 5%).
, 2
g'(x) =0npux=—5—ux= L
Tak kak g(1)= 0, To MaKCMMYM JOCTUTAETCS B TOYKE

x ==y pases (l)——lf)i
=75 MPaBeHE ) = 305

NPUAOXEHNS




Cnapa3
L.

1) -[1 3Eixzdx =x

2)‘[:%—1— dx=/24(x+—$2—) dx=f24xdx+[:;1; dx=%(42—22) - (%—%) =?.
5 , 5 , 5
3)/(;x+(1+x2) dx+j;x—(1+x2)dx=/; 2xdx = x*

3
=3-13=26.
1

5
= 52 - 0?=25.
0

2.
3
1) ITnowagp Mexpy rpaduxom y = fix) = %% — 3% ¥ OCBIO X paBHa — f x% - 3xdx.
2) —faxz— 3xdx = - (-l—x’--§-x2)|3—-i(33-o3) 2 @-®) ~Oi
0 S \3 27 3 2 T2
Chapa 4
, _[sinx ) _ (sinx)cosx - sinx(cosx)”
1. (tgx) - ( COSX ) - cos’x -
_ cos’x+sin’x 1
- cos*x " cos’x

1
2. T tgx) = ,
aK Kak (tgx) o 1O

cos“x
3. Boruucnsem npoussBopHyo f'(x) = (x)'€* + x(e*)’ = € + xe* = (1 + x)e".
IIpupasuuBas K Hymo, HaxopuM f (1) =0, OTKyia MUHMMYM paBeH

[0 —[—dx:th—thZI.

feny =

e
4.  BBomum obosHauenus f(x) = x%, g(x) = In x, v MHTErpUpyeM 10 YacTAM

f () In xdx +f (nx)dx=¢é’lne-Inl
1 1

Takum obpasom,

folnxdx+/ xz——l——dx=e2,
1 1 X

€ ¢ 1 1 1
f 2xlnxdx=—f xdx+ & =——(@- 112+ =—e*+—.
1 1 2 2 2

N.1. PEWEHNS K YNPAXHEHUIM




CnaBa5

1.

fx)=e*fx) =" fOn) =e* fOx)=-*2-3.

f)=1-x+xx+...

2. Haxogum npomBonﬁme

fix) = (cos x) f (%) = (cos x)™ sin x,
FD(x) = 2(cos x)*(sin x)* + (cos x) 2 cos x = 2(cos x)(sin x)? + (cos x) ",
sbraucnsem f0) = 1, £(0) = 0, f @(0) = 1 u momyvaem

f(x)=l-x+%—x2—%x3+

3. TlpomomxaTb TOYHO TaK e, Kak Ha CTp. 153, moBTOpHO AnddepeHLmpys flx).
Tak Kak IeHTp pa3noxxeHus HAXOJUTCA B X = 4, TO, IOAICTABNAA d, HAXORUM CpS.
TomxHo monyunThes ¢, = 1/nlf (a), xax B hopmyne na crp. 157.

fnasa 6

L floy)=x'+2xy+ 3y, fo=2x+2yuf,=2x+6y.

2. Tlonusiit puddepenunan GyHKumn
T=2n \’ ; =2n g 2L ymeer Bup

oT oT 327102 ~127-172
dT=——dg+——dL=-ng>"L"*dg+ng'*L™"*dL, oTkypa

og oL
AT =~ -1t g—3/2L1/2Ag + ng'”zL'”ZAL.
Iopcrasnaa Ag=— 0,02gu AL = 0,01L, mony4aem
AT = 0,021 gL V2g + 0,01 g 2L 121 =

=0,03n g 2L"? = 0,03 —211 =0,015T
Taxum o6pasom, T yBemmunach Ha 1,5%.
3. Iyctb y = h(x) aBnsercs HessBHOM PyHKIMe cnioxHOi GyHKImH fx, ¥) = c.

Toraa MoXxHO 3amycarb, 4To f(x, h(x)) = ¢ Bnmu3u x. Vicnonb3ys LienHoe npasu-
110 i depeHINPOBaHNA CTIOXKHOI QYHKIVMM, HAXOAUM

G0, L~ f b =0, omayma

NPUAOXEHNS




L¥® OCHOBHbIE POPMYAbI, TEOPEMbl U PYHKUWH ’

JIuHeHHbie ypaBHEHUS [NUHEeHHbIE QYHKLIMMU

YpaBHeHMe NPAMOI TUHUY C HAKIIOHOM M1, IIPOXOAsLIei yepes TOUKY (a, b)
y=m(x—a)+b.

HMooepeHLiupoBanue

Iuddepenumanpable koapduumentsr  [IponsBofHas cMOXHON PyHKLMM

o fa+ h )—f (a) (werrHOe paBMIO)
(a) = lim

b0 g} =g (fx) fx)

Onpenenenie Npon3BoORHONM ITIponsBopHas obparHoit GpyHKLMM

£ = hm f(x+h) f(x Ecin y = f(x), ax = g(x) T0
BapuanTbl 0603HaueHN npomsso,uﬂoﬁ[ 1

g0)= o
dy df d

I dx’ Ef(x)' YcnoBust sKcTpeMyMoB
[TponsBopHas GyHKUMY, YMHOXKEHHOM Ecmn y = f (x) umeer Munumym
Ha KOHCTaHTy WIN MaKCUMYM B TOYKE X = 4,

faf) =af (). Tof ()=
[IpousBopgHas creneHHOM QyHKIMIT Ecnu y = f (x) Bospacraer

() = nx" ! B ToukKe x = a, 10 f'(a) > 0.
ITpoussonHas cyMMbl GyHKIMI Ecnn y = f (x) y6biBaer

B TOuKe X=4a, 10 f'(a) < 0.

{f(x) + g} =f'(x) + g'(x).
ITpoussopHas npousseneHya QyHKILMI

{f)glx)} = f'(x)glx) + fix)g'(x).

TeopeMa O Cp€JHEM

Ina mo6sIx a, b (a < b) Haitgérca
¢ (a < c<b), pna xoroporo:

[IpoussopgHas fenenns GyHKImit fb) =f(c)(b~a) + f(a).
{g(x) }’ __§x) flx) - gx) f'x)
fx) {fF

N.2.  OCHOBHbIE POPMYAbI, TEOPEMbI U PYHKLMK




[IHbIe OCHOBHbIX ¢ "
Tpuronomerpuueckue GyHKIMM IToxasarenbHas GyHKIMA

{cos 8} = —sin 6, (&} =¢"
{sin 0} " = cos 0.

Jlorapudmmyeckue GpyHKLMM

oL
{logx} = P

UHTErpanbi

OnpenenéHHbIlt MHTETpaN CBA3b MHTEPBAJIOB ONpENieIEHHBIX NH-
. TErpauoB
Ecu F'(x) = f(x), T0 P

[ A= F6) - Fea. fabﬂ o[ fos= [ fo

VMuTerpan cymmbl GyHKIMi

fa ) + g0 = fabf(x)dx . fabg(x)dx.

Vurerpan GyHKLUNM, YMHOXKEHHOI!
* Ha KOHCTaHTy

_/;ho.f(x)dx = aj;bﬂx)dx.

MHTCFPMPOB&HI/IC METOIOM IOJACTAHOBKU

Ecnn x = g(y), b = g(B), a = g(a),

TO

] e = [ " feg )y

VHTerpupoBaHue 1o 4acTam
b b
fa [ (x)glx)dx + fa fix)g' (x)dx =
=f(b)g(b) - fla)g(a).

NPUAOXEHUS




& Pasnoxenne B pan
_ ®opmyna pasnoxenns f(x) B pap Teitnopa B6mm3u Touku x=a

f&)=f(@)+ f(a)(x a)+ 1 f"(a)(x—a)2+
+jf”'(a) (x—a)3+ +_;Tf(n)(“) (x—a)"+

~ Pasnoxenne paSHM‘[HbIX byHKUMI B pAR Teﬁnopa

cosx—l——x2+-4_'x +o (1) me

sinx=x——3—!x3+-5—!—x5+...+(—1)"_l on —l) e 2T

e"—l+fx+ix +§TX +EX +...+Ex"+...
1

In (1 +x)=x—%x2+—§—x3—%x4+ v (= 1)"“%x"+

YacTHbie TPOU3BOAHbIE

. Onpe,ueneﬂme 4acTHOM nponsso;u{oﬁ [onusiit auddepenuman
‘ o _ f(x+£,y) —f(y) A4
ox e—~0 dz = ox dx+8 @
85 - lim f(x,y+£) -f(x,)
e=0

YacTHast TpOU3BOAHAA CTIOXKHOI QYHK-
1 (uemHoe NpaBuIo)

Ecmu z = f(x, y), x = a(t), y = b(?),
TO

dz _ of da +id_b

dt ox dt oy dt

N.2. OCHOBHbIE POPMYAbI, TEOPEMbI U PYHKUUU
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